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Abstract

This thesis is a comprehensive study of the Stickelberger theorem on annihilators of class
groups of cyclotomic fields. The exposition closely follows the book of Washington [32].
The thesis is self-contained. Moreover, our perspective is to study the Stickelberger ideal
in reference to many related topics and not limit ourselves to just studying these two
theorems (Stickelberger and Iwasawa). Many natural questions are raised (not sure if for

the first time), and some positive results on them are also reported.
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Chapter 1
Introduction

The ideal class group C1(K) of a number field K is the quotient group Jx /P, where Jx is
the group of non-zero fractional ideals of the ring of integers of K, and Py is its subgroup
of principal ideals. The order h(K) of CI(K) is finite and is called class number of K.
Let a be an ideal of K, then the ideal a"®) is a principal ideal. For this very reason, the
class groups were introduced, though in a different language, by Kummer in his work
on Fermat’s last theorem. Explicit knowledge of the structure of class groups is hardly
understood. Very little knowledge is known even about the class number A(K), and in

fact, this was the main obstacle in the way of Kummer’s attack on Fermat’s last Theorem.

The most attractive results about the structure of the class group of number fields in the
literature are for quadratic and cyclotomic fields. Even then, the information on the class

number of cyclotomic fields is far from reasonable.

For any positive integer n we denote by &, a primitive n-th root of unity. Let K = Q(&,,)
be the m-th cyclotomic field, where m is a positive integer. We know that the Galois
group G = Gal(K/Q) acts on the class group CI(K), the latter then naturally becomes a
module over the group ring Z[G] (formal Z-sums on G). Since the group structure in the
class group is usually seen as multiplication (not addition), it is natural to write “scalar”
Y € Z|G] as exponents when they act on an ideal class x, not as multipliers from the left.
That is, x” instead of yx. This extra structure of the class group (as a Z[G]-module) offers
some remedy. The Stickelberger ideal of K — as we shall see — provides one tool to convert

any ideal into a principal ideal just as the class number did in Kummer’s approach.



For a € (Z/mZ)*, define 6, € G as o, : {,, — C%. It is well known that the map

(Z/mZ)* — G

avs oy

is a group isomorphism. Let p be a prime in Z[{,,] that is relatively prime to m. Then p"®

is a principal ideal in Q({,,), where

0= Y %oale@[G]

ac(Z/mZ)*

is the Stickelberger element of K. In other words, the ideal class of p in the ideal class
group is annihilated by m®. Let I := Z]|G] N OZ[G] be the Stickelberger ideal of K. Then,

more generally, we have the following celebrated result of Stickelberger.

Theorem 1.1 (Stickelberger). Let Is be the Stickelberger ideal of Q(&,,). Then Is annihi-
lates the ideal class group Cl,, of Q({,,); in other words, for any 7y € Is and any fractional
ideal a of Q(&,y,) the ideal a” is a principal ideal.

Let a = —1, then o, sends every root of unity to its inverse; but this is the same as its
complex conjugate. That is, o, coincides with the complex conjugation, which induces
an automorphism of any normal field extension of QQ inside C, and which is commonly
denoted by j. The fixed field of j inside K is denoted by K+ and coincides with the
intersection K NR. In fact, we have K = Q(cos(27/m)). The class number h(K™") is
always a divisor of i(K) (see Lemma4.4). The quotient h(K)/h(K™) is written h(K)~

and i1s known as minus part of the class number or simply the minus class number.

It turns out that in the minus part, the Stickelberger ideal not only annihilate but also gives
a very good idea of the size of the class group. We now explain what the minus part of a
Z[G]-module is.

For every Z[G]-module M, we define M™ ={xeM: j-x=x}and M~ ={xe M :
j-x= —x}. So M™ is the kernel of multiplication by (1 — j) and M~ is the kernel of
multiplication by (1 + j). We call M™ the plus part of M and M~ the minus part of
M. We can then look at the minus part Ig C Z[G]|~ of the Stickelberger ideal Is. The

following beautiful result is due to Iwasawa [12]].

Theorem 1.2 (Iwasawa). Let K = Q({,) and G = Gal(K/Q); assume that m = p" is a
prime power. Then [Z[G]™ :Ig] = h(K)™.



The techniques used by Iwasawa in his proof of the above theorem are based on rep-
resentations of a semi-simple algebra. There is another proof, by Skula [27], where he
constructs a special basis of /¢ and obtains Iwasawa’s class number formula by calculat-
ing the determinant of the transition matrix from a certain basis of Z[G]~ to this basis of
I . The proof presented in this thesis closely follows the beautiful exposition of Chapman

[4].

A generalization of Iwasawa’s theorem to arbitrary cyclotomic fields is due to Sinnott
(see [25]). We will discuss this in Chapter [5| In Chapter [2] we develop the necessary
background from algebra which is needed for our purposes. In Chapter [3] we study the
prime ideal factorization of certain Gauss sums and prove Theorem|I.1} Chapter[]focuses

on the index of various ideals in the group ring Z[G] and the proof of Theorem

Along the way, we present several natural questions related to the Stickelberger ideal. We

also report some positive results on these questions.



Chapter 2
Preliminaries

In this chapter, we briefly recall some of the properties of the characters of finite abelian
groups. Subsequently, we define two types of sum using these characters, called Gauss

and Jacobi sums.

2.1 Characters of Finite Abelian Groups

Let G be a multiplicative finite abelian group, and let K be a field with the property that
the characteristic of K does not divide #G. Denote by K the algebraic closure of K.

Definition 2.1 (K-character). Any group homomorphism ¥ : G — K is a K-character of
G.

Let x; and y» be two K-characters of G, define their product x;x>(g) := x1(g)x2(g) for
all g € G, then, under this multiplication, the set of all K-characters of G forms a group
called the character group of G and is denoted by G. The identity element of G is trivial

character defined by 1(g) =1 for all g € G, the inverse of a character y € Gis y!

defined as x ' (g) := x(g) "

Proposition 2.2. The group of characters G is isomorphic to G. In particular, there are

exactly #G distinct characters.

Proof. We use induction on #G. First, assume that G is a cyclic group of finite order m.
The map y — x(g) is then an isomorphism of G and the group of m-th roots of unity in
K. Since the characteristic of K does not divide m, the latter group is again cyclic of order
m. This shows that G = G.
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Now, let G not be cyclic. Then it is a direct sum of two non-trivial subgroups: G =
G1 @ G,. Consider the homomorphism ¢ : G — G x G, defined by x — (x|, xlG,), and
the homomorphism ¢ : 61 X 62 — 6 which to each pair ()1, x2) associates the character
X € G defined by x(g182) = x1(g1)x2(g2). It is easy to see that the two homomorphisms
are inverses of each other. Hence G & 51 @b (Aiz. Since, by induction, 61 = Gy and (A?z =
G»,, we obtain G~G. [ |

Proposition 2.3. Let y be a character of G. If x # 1, then Y, x(g) = 0, where the sum is
overall g € G. If x =1, the value of the sum is #G.

Proof. Since y # 1, there exists g € G such that x(g) # 1. We obtain

x(&) Y, x(h)="Y x(gh) =Y x(h).

heG heG heG

Since x(g) # 1, we must have } ;.5 x(h) = 0. [

Denote by K the K-vector space of K-valued functions on G. Let eg € K be defined as

. . . . —G
then it is easy to see that {e,},c¢ is a linearly independent subset of K. Furthermore,

any f € KY can be written as

f= Z f(8)eg,

geG

thus {eg} ¢ is a basis of K and the dimension of K is #G . It is a well-known fact that
the K-characters of G form a linearly independent subset of K. This statement is usually

attributed to E. Artin (see [2, p. 34]).

Proposition 2.4 (E. Artin). Let X1,X2,---,Xn be distinct K-characters of G. They are

linearly independent over K.

Proof. We use induction on n. The case n =1 is trivial. Suppose n > 1. We make the
inductive hypothesis that no set of less than n distinct characters is dependent. Suppose

now that

arx1(g) +axxa(g) +---+anxn(g) =0 2.1)

for some coefficients a; € K and every g € G. We want to show that all g; are 0.
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Since )1 # Xn, for some go € G we have ¥1(g0) # Xxn(go)- Substitute gog in place of g in

Equation (2.1):

a1X1(80)X1(8) +a2x2(80) X2(8) + - + anXn(80) Xn(8) = 0 (2.2)
for all g € G. Now multiply Equation by x.(g0):

a1 Xn(80)X1(8) +a2xn(80) X2(8) + -+ + anXn(80) Xn(8) = 0 (2.3)
for all g € G. Subtracting Equation (2.3) from Equation (2.2), the last terms cancel:

a1 (x1(go) — xn(20))x1(8) + - +an(Xn—-1(80) — Xn(80)) Xn—1(8) =0 (2.4)

for all g € G. This is a linear dependence relation among the characters X1, X2,---, Xn—1,
so by induction, all coefficients a;(¥;(go) — Xx(go0)) are 0. In particular, a;(x;(go) —
Xn(go)) = 0. Since x1(go) # xn(go) we must have a; = 0. By arguing in a similar way

using X2, ..., Xn—1 in place of y1, we obtaina; =0fori=1,...,n—1. Therefore, Equation
(2.1) becomes a,x,(g) = 0 for all g € G, so a, = 0 since ), has non-zero values. |

Proposition [2.4] along with Proposition [2.2] implies that the characters of G form a basis

of the space K of K-valued functions on G.

Proposition 2.5. Let G be a finite abelian group and K be a field of characteristic not
dividing #G. Then the K-characters of the group G form a K-basis of the vector space

K% In particular, the #G x #G matrix [x(g)] <G I8 non-degenerate.

geG

Proof. We have already given a proof of the first statement. For the second statement, we
note that if y € G then

% = Z X<g>eg7
geG
thus the matrix [y (g)]XEG is a matrix of base change from {eg}4c( to {X}xeé’ therefore
geG
it is non-degenerate. [

For a character y € G, we denote by K, the extension of K generated by the values of .
More specifically, Ky is the d-th cyclotomic extension of K, where d is the order of . In

particular, K, is a Galois extension of K.

Suppose ¢ € Gal(K, /K), then o o x is also a K-character of G. We say that two characters
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xX.x' € G are conjugates (over K) if K; = K,/ and there exists o € Gal(K),/K) such that
x' = o oy. Itis clear that the conjugacy relation is an equivalence relation on G, and that
the equivalence class of y € G contains exactly [Ky : K] elements. Let us denote the set

of representatives of the equivalence classes by M, then we have the following equality

Y [Ky: K] =+#G.
XEM

Note 1. This conjugacy relation between the characters of G is not the same as the usual
definition of conjugate elements in a group. Throughout this thesis, we mean the above

definition of the conjugacy relation between characters of G.

2.2 Dirichlet Characters

Let n be a positive integer. A Dirichlet character modulo n is a C-character of the abelian

group (Z/nZ)*, i.e., a multiplicative homomorphism
x:(Z/nZ)" — C*.

We call n the modulus of .

Example 2.1. * Let p be an odd prime, and let x : (Z/pZ)* — C* be the Legendre

symbol modulo p, that is, (a) = (%)

e Leti = +/—1, and define x : (Z/5Z)" — C* by x(1) =1, x(2) =1, x(3) = —i,
x(4)=-L

If x is a Dirichlet character of modulus n and n|m, then using the natural homomorphism
¢ : (Z/mZ)* — (Z/nZ)*, we can define ' = y o @. Now ¥’ is also a Diriclet character,

but of modulus m. In this situation, we say that ¥’ is induced by .

Let f, be the minimal modulus for the Dirichlet character yx, that is, x is not induced
by any Dirichlet character of modulus smaller than f). Call f, the conductor of y. A

Dirichlet character defined modulo its conductor is called primitive.

Example 2.2. e Letx:(Z/12Z)* — C* be givenby x(1) =1, x(5) =—1, x(7) =1,
x(11) = —1. Since x(a+3k) = x(a) we see that x is induced by the character
y:(Z/3Z)* — C*, where y(1) =1, y(2) = —1. Furthermore, y is primitive. We
conclude that f, = 3.
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o Letx : (Z/12Z)* — C* be given by x(1) =1, x(5) = —1,x(7) = —1,x(11) = 1.
It is easy to check that y is primitive, whence fy, = 12.

A Dirichlet character y also may be regarded as a function  : Z — C by letting

x(a mod fx) if (a,fx) =1
0 if (a. f) # 1.

x(a) =

We also refer to this periodic funtion on Z as a Dirichlet character, and we do not dis-
tinguish notationally between a Dirichlet character as a function on (Z/f,Z)* and the

periodic function on Z associated to it.

2.3 Group Rings

Definition 2.6. Let G be a finite group and R be a commutative ring with unity. The group
ring of G over R, which we denote by R[G], is the set of all formal R-linear combinations

of the elements of G:

R[G] = Z agg:ag €R
geG

We define the addition and multiplication on R[G] in the obvious way:

Zagg—'_zbgg = Z(ag +bg)g,
8 8 8

Yasg Y byg =) | X agby | h.
8 g

heG \ gg'=h

It is easy to see that R[G] is a commutative ring with these operations. The unity of the
group ring R[G] is the identity element e of G. This suggests the following convention:

in the group ring, we identify e and 1, where 1 is the unity of R.

In this thesis, the group G is usually abelian, and R is either the ring of integers Z or a
field.

2.3.1 The Group Ring Z[G]

Let G be a finite abelian group, then Z[G] is the group ring of G over Z. If A is an abelian

group (written multiplicatively, say) on which the group G acts, then the abelian group A
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is called a G-module. Since G acts on A, the latter naturally becomes a module over the

group ring Z[G] through the following formula

Zagg V= H(g-v)“g, v EA.

geG geG

If 6 = deG agg, then it is customary to write v? instead of O - v, so that the formula
0, - (6-v) = (66,) - v translates into the identity v®1%2 = (v91)82 where it is essential that

G be an abelian group.

Let E be an abelian extension of Q with the Galois group G. Then we have various G-
modules (called in this case Galois modules): the additive group E, the multiplicative
group E*, the group of units Ug, the class group CI(E), etc. In this thesis, we focus on
CI(E) as a Galois module.

2.3.2 The Group Algebra K[G]

Let G be a finite abelian group and K be a field of characteristic not dividing #G. The
group ring K[G] is called the group algebra of G over K. It is easy to see that K[G] is the
free vector space over the field K of dimension #G. We can extend the K-characters of G

linearly to K[G]: given x € G, we define the map K[G] — K, by

) agg— ) agx(g).

geG geG

Clearly, this map is a ring homomorphism. We denote this ring homomorphism by ¥, and

call it a character of K[G]. The set of all characters of K[G] will again be denoted by G.

Fix an ordering of G, say G = {g1,82,...,8n}, then x =Y" | a;g; € K[G] can be written

as a column vector:

x=lay,as,...,a,".

Proposition 2.7. If x € K|G] satisfies (x) =0 for all x € G, then x = 0.

2€G’
geG

Proof. LetA=[x(g)],. s thenAx=x (x)];ceé Recall from Proposition that A is not
degenerate. Thus, Ax = 0 cannot have a non-trivial solution. [ |
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2.3.3 The Weight Function and the Norm Element

In this section we recall the most basic notions about the group rings. Let G be a finite
abelian group and R be a commutative ring with unity. We define weight function w :
R[G] — R by

w Zagg :Zag.

geG geG

It is easy to verify that the weight function is additive and multiplicative.

Proposition 2.8. For any x,y € R[G]
w(x+y) =wx)+w(y), wy)=wx)w(y).

Thus, the weight function is a ring homomorphism. Its kernel, consisting of elements of

weight 0 is called the augmentation ideal of the group ring R[G].

The norm element of R|G] is

N=Zg.

geG
It is obvious that xN = Nx = x for any x € G. Extending this by linearity, we obtain the
following property.

Proposition 2.9. For any x € R|G] we have xN = Nx = w(x)N. In particular, R[G]N =
NR[G] = RN.

The ideal RN is called the norm ideal of the group ring R[G]. If the cardinality #G is an
invertible element of R (which is, in particular, the case if R is a field of characteristic not
dividing #G) the, writing each x € R[G] as x — w(x)#G~'N +w(x)#G !N, we obtain the

following.

Proposition 2.10. Assume that #G is an invertible element of R. Then R[G] is the direct

sum of its augmentation ideal and its norm ideal.

2.3.4 Semi-smiplicity of the Group Ring

Definition 2.11. A commutative ring is semi-simple if it is isomorphic to a direct product

of finitely many fields.

It is remarkably easy to describe the ideals of a semisimple ring. Let R be a semi-simple

ring and write it as a direct product of finitely many fields: R = K| X K; X --- X K;. Let
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A={1,2,...,s}. For A € A, denote by 1; = (x1,...,x;) €R,suchthatxy =1andx, =0
for u # A. The following result completely describes the ideals of a semi-simple ring R.
Proposition 2.12. Let R = K| X K X --- X K be a semi-simple ring.

1. For N C A, let Iy consist of x = (x1,...,X;) € R such that x; =0 for all A ¢ A'.
Then 1y is an ideal of R. Conversely, any ideal of R is equal to Iy for some A’ C A.

2. The ideal 15 is principal; it is generated by the element

Iv=Y 1;.

AeN

The proof of the above proposition is elementary, and we omit it.

In this thesis, our goal is to study the ideals of Q[G] and C[G]. It turns out that the group

algebra K|[G] is semi-simple.

Theorem 2.13 (The Abelian Maschke Theorem). Let G be a finite abelian group and
K be a field of characteristic not dividing #G. Choose a system M = {)1,X2,---,Xs} of

representatives of conjugacy classes of characters of G. Then the ring homomorphism

N
¢ ‘K [G] - HKXi
i=1
x= (%)),
is an isomorphism. In particular, the ring K|G]| is semi-simple.

Proof. First, note that ¢ is also a linear map from K[G] to [, ey K and that the ring ho-
momorphism ¢ is an isomorphism if and only if the linear map ¢ is a linear isomorphism.
Let x be in the kernel of ¢, that is, y(x) = O for any character y € M. Since conjugate
characters vanish simultaneously at x, we obtain y(x) =0 for all y € G. Proposition

implies that x = 0. Hence, ¢ is a monomorphism. Since

-

Ky, : K] = #G,
=1

the K-dimensions of K[G] and [];_, K}, are equal. Therefore, we have an isomorphism.
[

Let I be an ideal of K[G], and A = {1,2,...,s}. The image ¢(I) of the ideal I under ¢ is
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an ideal of [];_; Ky,. From Proposition 2.12} we have

o) = {(x;) € f[le. i =0Vig¢g A}

i=1

for some A’ C A. Thus,
I={x€K[G]: yi(x) =0Vig A},

that is, / is the common kernel of characters {;} o. The ideals of K[G] can be character-
ized as common kernels of characters from the set M: for a subset N of M let Iy be the
common kernel of characters from the complement M \ N. Then Iy is an ideal of K[G],
and any ideal of K[G] is equal to Iy for some N C M. The ideal Iy is isomorphic, as a
K-vector space, [[,cn Ky - Thus,

dimg Iy = Y [Ky : K]. (2.5)
XEN

Furthermore, if o € K[G] then the principal ideal () is equal to Iy, where N consists of

characters ¥ € M non-vanishing at ¢. Therefore,

dimg(a) = Y [Ky:K]. (2.6)
x(0)#0

Since conjugate characters vanish at o simultaneously and since for every ) there are

exactly [K), : K] characters conjugate to x, the above equality becomes

dimg(a) = ) 1. 2.7)

2 ()70
x€G

That is, the K-dimension of the principal ideal () is equal to the number of characters

yAS G non-vanishing at o.

2.4 Idempotents

Retaining the notation of previous sections, we now give an explicit K-basis of Iy as a

K-vector space and an explicit generator of Iy as a principal ideal. We achieve this under
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an additional assumption,

K contains #G-roots of unity. (2.8)

Assumption @ implies that Ky = K for all characters y, or equivalently, every character
is conjugate only to itself. Thus, the isomorphism in Theorem [2.13] gives

¢ : K[G] — K"C.
Definition 2.14. Let ) be a character of G, set

Z}( g)g ' eK[q),
gGG

called the idempotent of .

The idempotents of characters have many remarkable properties; here we list a few of

them.

Proposition 2.15. 1. For any characters X and )’ we have

(e L ifx=1x,
0 fx#x"

2. For any x € K[G] we have x&, = x(x)&y.
3. For any character X we have 8)25 = &.
4. We have
Z gx - 1.
4
Proof. We have

/

1 ity =y,
Z% -
G oo 0 ify+#yx.

We get the last equality by applying Theorem [2.3[to x (/).

Let x € G, then
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1
=)y ZG%(gxl)(gxl)1

= x(x)gy

by linearity, it extends to x € K[G], which proves Part 2. Parts 1 and 2 immediately imply
Part 3. For Part 4, we have

1
-1

Yoo Lo L),

4 geG 4
by Theorem [2.3]the inner sum vanishes except if g = 1, in which case it equals #G, which
proves Part 4. [
Example 2.3. The idempotent of the trivial character is %N , Where N =} ,cc g is the
norm element of G.
Proposition 2.16. B = {&,}, is a K-basis of K|G|. Furthermore, By = {€;}yen is a

K-basis of Iy.

Proof. Let a € K|G], then

Y x()eg =) agy=0a) g =a.
X X

X

Moreover if Y, ay €, = 0, then using Part 1 of Proposition we have y'(Y, aygy) =
a, = 0, which implies that {€, } , is linearly independent. Thus, B is a basis for K[G].

Recall, Iy :A{x €EK[G]: x(x)=0Vyxe @\N}.ALet 00 =Y, 5a€ € Iy, since x(0) =0
for all y € G\ N, we have ay =0 for all x € G\ N. Again, using Part 1 of Proposition
2.15|we conclude that {€y } < is linearly independent. |

2.5 Gauss Sums

In this section, by a character of a finite abelian group G we mean a C-character, that is,

a homomorphism G — C*.
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Let p be a prime and g = p" for some positive integer n. Let I, be the finite field with ¢

elements, so that IF, is a finite extension of [, (finite field with p elements) of degree n.

Lemma 2.17. The trace map Tr : F, — T, is a surjective homomorphism.

Proof. We know that Gal(F,/F,) is a finite cyclic group of order n generated by the

Frobenius element o : & — a”. Thus, the trace of x € I is
Tr(x) =x+0(x)+ -+ 06" (x) =x+xP 42"

this polynomial is of degree p"~! < p" = |F,|, hence there is & € F,, such that Tr(t) # 0,

which implies that Tr is surjective. [

Let {, be a primitive p-th root of unity. We use the trace map to define an additive
character y : F, — C* as y(a) = pTr(a). Since Tr is surjective, there exists a € F, such
that y(a) # 1, thus y is a non-trivial character. Let ﬁi be the group of characters on .
We extend x € F}, to ¥, by defining x(0) = 0 and the function x : F; — C thus obtained

will be referred as multiplicative character on IF,.

Definition 2.18. Let ) be a character on IF,. Set

g(x):=—Y x(a)y(a),

aclF,
where the sum is over all a in F,. The sum g(x) is called a Gauss sum on F, belonging

to the character .

Gauss sums are essential arithmetical objects; they are indispensable in analytic number
theory, algebraic number theory, arithmetic geometry, cryptography, etc. However, we
use Gauss sums merely as a tool for proving Stickelberger’s theorem. In this section, we

list all the properties of Gauss sums required for this purpose.
Proposition 2.19. Let y be a character of G, and ¥ = x~'. Then

1 g(1)=1;
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Proof. Since y is non-trivial, —g(1) = L.cr, ¥(a) = 0 (by Proposition . To prove
(2), we observe that y(a) = y(—a), so that

x Y x(=D)x(a)y(—a)
==Y 7(-1)7(a)y(—a)
=—) Z(-a)y(-a)
=8(X)-

a,b#0

= ), x(ab™")y(a—b)
a,b#0

= ) x()w(b(c—1))
b,c#£0

Substituting a = bc gives

=Y x(Mw(0)+ Y x(c) Y w(b(c—1))

b0 ¢#0,1 b£0
=q—1+ Z x(c Zl[/ (c—1))
0,1 b0

For ¢ # 1, we have Yo W(b(c — 1)) = —1, therefore,

gx)gx)=q—1+(=1)(-1)=gq.

2.6 Multiplicative Combinations of Gauss Sums

Let x be a character of order dividing m, then g(x) is an algebraic integer in Q({,, Gn).
However, remarkably, certain simple multiplicative combinations of several Gauss sums

lies in a much smaller field.
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Definition 2.20. Let y and A be two multiplicative characters of I, and set

JA) == ), 2(@ib)=- ) 2(a)A(1-a).

a+b=1 aclF,
a,bel,

The sum J(,A) is called a Jacobi sum.

Note that if )y and A have orders dividing m then J(),A) is an algebraic integer in Q(&,,).
See Weil [34] and [35] for amazing properties of Gauss sums and Jacobi sums. Here are

some such properties:

Proposition 2.21. Let y and A be non-trivial characetrs. Then
1. J(1,1)=2—g;
2. JLx)=Jx.)=1ifx # 1,
3020 =x(=D) ifx # 1,

4. If xA # 1, then e
_s(x)g
TR =)

Proof. Part (1) is immediate and part (2) is an immediate consequence of Proposition
To prove Part (3) and (4) we compute

g(x)g(d) = Z;,x(a)l(b)l//(a +b)
= Z;,x(a)l(b —a)y(b)

=) (@Al —a)y(b)+) x2(a)A(-a).
b
b0 ’
If YA # 1, then the second sum vanishes (by Orthogonality relations). If YA = 1, then it
equals x(—1)(g—1). The first sum equals (let a = bc)

Y xBOAB)X (A1) w(b) = g(xA)J (X, 2).

b,c

b0
If A # 1, we obtain Part (4). If YA = 1, use Part(2) of Proposition 2.19, along with
g(1) = 1, to obatin Part (3). This completes the proof. [
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Corollary 2.22. If x,A are characters of orders dividing m, then

g(x)g(1)
g(xA)

is an algebraic integer in Q(y).

18

Proof. 1If y A # 1 then use proposition 4). The other cases are also easy to check. H

For any b coprime to m define o, € Gal(Q({),, §)/Q) by
Op - Cp = Cp7 Cn — CIZ

Proposition 2.23. Assume ¥ = 1. Then for any b coprime to m the number

b*Gb - g(%>b

&) g(x)*

is an algebriac integer in Q(&y). In particular, g(x)™ € Q(&n).

Proof. We observe that

Similarly, g(x”)* = x(c)

g(x)’
g(x?)

Since

is an algebraic integer (from Corollary [2.22)), the first claim follows. To prove
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the second claim take b = 1 +m. [ |
Proposition 2.24. g(x?) = g(x)

Proof. Leta € IF, and o be the Frobenius, then

Tr(a) = a+o(a) +---+ 0" (a).

Since, Tr(a) € F,, by Fermat’s little theorem we have Tr(a)? = Tr(a), but

Tr(a)? = a’ +6(a)? + -+ 6" (a)? = Tr(a”) (mod p).

As aresult, we have Tr(a”) = Tr(a). Finally putting everything together

g(") ==Y 1@ " = =Y 2@ 5" = g(x)-

2.7 Historical Remarks on Gauss and Jacobi Sums

Gauss sums over I, were introduced by Lagrange and Vandermonde [55]] for the purpose
of solving algebraic equations and for this reason they were called Lagrange resolvants
for a long time. Gauss used these sums in [8, Art. 356], and determined the sign of the
quadratic Gauss sum in [[7]]. The above mentioned properties of Gauss and Jacobi sums
can be found in his posthumously published [6, pg. 252]. These properties were also

known to Cauchy, Jacobi, and Eisenstein.

Stickelberger [29] studied Gauss and Jacobi sums over arbitrary finite fields — we will
discuss his results in detail in Chapter 2. In fact, Stickelberger was the first to suggest the

minus sign in the definition of Gauss sums; in [29], he writes on pg. 358:

besser noch ware es vielleicht, sowohl die gewohnliche wie unsere allge-

meine Resolvente mit —1 zu multiplizierenE]

For more information about Gauss and Jacobi sums as well as on related sums see the
book of Lidl and Niederreiter [[19], and the book of Ireland and Rosen [[L1]].

Iperhaps it would be even better if we multiplied both the usual as well as our general resolvent by —1.
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There is an analogy (first noticed by Jacobi) between Gauss and Jacobi sums on one hand,

and the Gamma and Beta functions on the other hand;

—s(x)= Y x(@y(a) T(x)= /O T ety

acly
o= ¥ @A —a) By = [ ¢
acl, 0
§(0)8(h) = AN (LA)  TWI() = Dx+y)B(xy)
(8D =x(-1)g T -—x)=

As we have seen earlier, the relations on the left side are valid if the occuring characters
are # 1, whereas those on the right side make sense only if you stay away from the pole
x = 0 of the I"-function.

Finally we mention that Gauss sums have been generalized in various directions: Weber
[33] and Jordan [14] considered Gauss sums in many variables, Thakur [31]] defined Gauss

sums to function fields of one variable over a finite field.



Chapter 3

Stickelberger Ideal

In this chapter, we define the Stickelberger ideal of an abelian number field E and show
that it annihilates the ideal class group E. We use, in a fundamental way, the prime ideal

decomposition of Gauss sums and some additional machinery.

3.1 Notation and Setup

Let m be a positive integer that is fixed throughout this chapter (unless mentioned oth-
erwise). Let p be a rational prime relatively prime to m. Let f be the smallest positive
integer such that p/ = 1 (mod m). For any positive integer n we denote by {, a primitive

n-th root of unity. Putting ¢ = p/, we have the following diagram of the number fields

and primes.
-1 -1
Q(Cq—l»Cp) (’B]]) g
| |
Q(&g-1) qi---dg

| |

Q p
Where the integral prime p splits into g = @ many distinct prime ideals q,...,qg of

Q(&y—1). We know that the primes g; do not split in Q(&,_1,{,), so let *B; be the unique
prime of Q({,—1,&,) above g;.

We fix a prime q in Q({,—) above p and let B be its corresponding prime in Q({,—1,8)).
The inertia degree of q is f, therefore, we shall denote the residue field Z[{,—1]/q by F,,.

We shall now define a character of I that is uniquely determined by q.

21
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Proposition 3.1. Denote by u,_1 C Z[{,—1] the group of (q — 1)-th roots of unity in
Q(&y—1). Then the map

u: Uy —Fg; x—x (mod q)
is a group isomorphism.

Proof. Letx,y € U1, then

u(xy) =xy modq=(x modq)(y modq)=u(xu(y),

implies that u is a group homomorphism.

Since #1, 1 = #F, = g — 1, it is sufficient to show that the ker(u) is trivial. Suppose x =
q"_l € ker(u), for some 1 <k <g—2. Then C;‘_l =1 (mod q), equivalently, 1 — 4‘_1 €q.
We know that

H (x— ;_l)zl—l—x—kxz—f—m—f—xq_z.
1<j<qg—2

Substituting x = 1, we get g— 1 € q. Since ¢ =p/ €q, 1 =g — (¢ —1) € q, which is
absurd. |

Let @, be the inverse of u, that is, @, := u~ ! then
is a unique isomorphism from Fy, to ;1 satisfying the following property.
®g(x) mod q=x. 3.1)

Since @ is a group homomorphism [y to C, @y is a character of F;. We extend @y to IF,
by defining ®;(0) = 0 and call it Teichmuller character on F,. For our convenience, we

write Equation [3.1] as follows:
05(x) =x (mod q). (3.2)

Remark 1. It is easy to see that @y is uniquely determined by g.

Since @q is an isomorphism between [ and g1, it is a character of order g — 1. There-

fore, any y € Fj‘l is of the form y = O " for some 0 < r < g—2. As aresult, the values
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of the Gauss sums g(x) = g(®, ") depend only on (q,7). As mentioned above, the prime

ideal q is fixed, therefore, we omit the subscript q from @, and write @ instead of @,.

3.2 Prime Ideal Decomposition of Gauss Sums

We begin by proving the following congruence for Jacobi sums.

Proposition 3.2 (Jacobi Sum Congruence). Let a,b € Z be such that 1 < a,b < g— 1.

Then
0 (mod q) ifa+b>gq;

(“I?) (mod q) otherwise.

We require the following lemma to prove the above congruence.

Lemma3.3. [. ForO<m<q—1we have

Zamzo.

ack,
2. For any m € Z we have
Zamz 0 (g—1)1m,
ackFs -1 (g—1)|m.
Proof. Define the following map:
¢ :F, —F,
a—a".

(3.3)

It is clear that ¢ is a group homomorphism. We know that F; is cyclic, so let g be a

generator. We have,

0(g) Y, oa)=) o(ga)= ) o(a)

aEIFj; aeFfl aeFfl

Since 0 <m < g—1, @(g) # 1, it follows that

Z ¢o(a) = Z a"=0.

aGIFjI aEIFj;
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Since m # 0 we have the followsing equality

Zam: Zam,

aGFZ aclF,

which proves Part (1) and Part (2) immediately follows from Part (1). |

Proof of Proposition For any x € F};, choose x” € 1,1 such that x’ =x (mod q), then
o(x)=x.

Letc =¢q—1—b, then @ ? = ¢ as the order of @ is ¢ — 1. If x # 1, then we have
0 b(1-x)=0(1-x)=(1-x)° (mod q).

Therefore,

x€Fy

= Y () (1 —x)
x€Fy

=— Z x 41 —x)°
xelFs

== ) (—1_)j (C> XZ x4 (mod ).

0<j<c 1/ xeF;

Since j,a<g—1, j=a (mod g— 1) if and only if j = a. From Lemma 3.3|we have

ij—a: 0 j7£a7

xcF; -1 j=a.
If a+b > g, then a > c. Therefore, j # 0 as 0 < j < c. Hence,
J o =0 (modq).

Suppose a+ b < g— 1, equivalently a < c¢. Then the sum erF:; x/~¢ vanishes except if

J = a. Therefore,

oo )= (1) (mod o)
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We have,

c 1 —1-b)(g—2-b)---(g—a—b
():<q ; b) (¢ )(q - ) (q ) (mod p)
Lo+ (b+2)-(a+b)

al

Coe(E7) moa p)

a

Since q divides p, the above congruence of the binomial coefficients also holds modulo q.
Thus,

so o= (02 () = o (“77) (o)

a a

This proves our claim. [ |

Remark 2. If a+ b > g, then (“Zl’ ) =0 (mod p). Therefore, the second congruence is

valid in all generalities.

Definition 3.4. Let 0 <r <g—1beanintegerand r =} o<, ¢ ri p' beits p-adic expansion,
with 0 < r; < p— 1. Define

sp(r) = Z ri and 1,(r):= [] n!-

0<i<f 0<i<f
Let r € Z, then there exist 0 < 7’ < g— 1 and k € Z such that r = k(¢ — 1) + 7. Define

s(r):==s,(r') and 1(r) :=1,(r).

Clearly, s and ¢ are (¢ — 1)-periodic functions on Z.

Theorem 3.5 (Stickelberger’s Congruence). For all r € Z we have

glo™) 1
o0 = 10 (mod ‘B), (3.4)

where T = {, — 1, and B is the unique prime ideal of Q({,—1,8,) above q. Furthermore,
vp(g(@™")) = s(r), where vy is the *B-adic evaluation of Q({y—1,Gp).

Proof. By periodicity we can assume that 0 < r < g — 1. We prove the theorem by in-
ducting on s(r) = s,,(r). If s(r) = 0, the claim is trivial because r = 0 and g(1) = 1. The
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crucial case to be proved is the case s(r) = 1, in which case r = p¥ for some 0 < k < f
and 7(r) = 1. Since g(x?) = g(x) (see Proposition [2.24), we have

go ) =gl )= =g,

it follows that we can assume r = 1. Since @ is a nontrivial character, we have

~ Y o'W =—Y o '@ -1),

x€lRy, x€lF,

as er]gz; ®~'(x) = 0. The last sum has the advantage that all summands are divisible by
¢, —1. Since {} =1 (mod r) for all » € Z, we have

Cl’7n —1 m—1 _—
o =14+&+-+L  =m (mod 7).
We know that 7 € 3, which implies that the above congruence also holds modulo *3. This
shows that
-1
gl
(@) =— Z o '(x)Tr(x) (mod P).
CP —1 xeF?

Now Tr(x) = Y o< fxpi € F, and on the other hand, by definition, ® ! (x) =x~! (mod ).

It follows that

g(w_1

=— Z prfl (mod B).

0<i<fxeF}

Now again by Lemma [3.3] the inner sum vanishes if 1 <i < f, and it is congruent to —1

modulo p if i = 0. It follows that

glo™ )
Ep—1

=1 (mod‘P),

proving the theorem when s(r) = 1.

Now letr =Y o< ¢ i p' with 0 < r; < p be such that s(r) > 1, and assume by induction that
the theorem is true for all ¥ < g — 1 with s(#’) < s(r). Again, using the fact that g(x?) =
g(x), we can assume that ro > 1. It follows in particular that s(r — 1) = s(r) — 1 > 1 and
r—1>1.
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Since the characters involved are nontrivial, by Proposition [2.21] we have

Jo o g0 = g0 )g(0 ). (3.5)

Using Proposition [3.2] we know that

Jo™ ' o =) (r> =r=ry (mod*P). (3.6)
Combining equations [3.5]and [3.6 we get

glo™)  glo g0 )
71;S(V) - 7[5(’)

o

(mod ). (3.7)

Since 1 < rg < p—1, rg is invertible modulo ‘3, we can divide both sides of congruence

3.7]by ro:

g0 _1glo)g(o ")
o T owmo sl

(mod B). (3.8)

(1)
as(r—=1)
glo™ ")

s(r) — 1), and the case r = 1 implies that >=——*

The induction hypothesis implies that £ =1 T (mod *B) (recall that s(r— 1) =

1 (mod ). Combining this with

t(r

equation [3.8 we see that

glwo™) 1 1

(& —1)00) " rg 1'r(r—1)

since #(r) = rot(r — 1) when rg # 0. We have proved our induction hypothesis and hence

(mod ‘P), (3.9)

the first statement.

It is well known that pZ[{,] = ()?~! and PZ[Epg—1] = (B - -PBe)P L, where B, are the
prime ideals of Q({,, {,—1) above p. We have

pZ[Cp(q—l] = (pZ[CP])Z[Cp(q—l] = ﬂp_lZ[Cp(q—l] = (SBI e _ng)p—17

where, say, P = 1. Hence 7Z[{,;—1)] = P1 -+ Py, thus v(7) = 1. We know that #(r)

is coprime to p hence is invertible modulo *J3, so by the Stickelberger congruence:

vp(g(@™)) = s(r)vp(m) = s(r).
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This proves the second statement. |

Let q and 3 be as above. Let p,, be the unique prime ideal in Q(&,) below g, and B,,
be the unique prime ideal in Q({, {,) below *B. Let p = (), where 7 = , — 1, be the
unique prime ideal in Q({,) lying above p. The Hasse diagram for the fields and ideals

occurring in this section is displayed in the following figure:

Y Q(g-1:8p) Yy
a Q1) QUm ) Pon
pm Q(Gn) Q&) p
\ /
Q

p p

_g—1 . —rd o . . . —rd\ -
Let d = = and r be any integer. Then (™')™ = 1, which implies that g(@™") is an
algebraic integer in Q(y,, ). Thus we can talk about the prime ideal decomposition of

the principal ideal generated by g(® ") in Q(&u, ).

Let
" := Gal(Q(&m, §p)/Q(Ep))-

For any b coprime to m, we define 0;, € I" as

Op: Gn— rl;w Cpng-

It is well known that the map b — o}, from (Z/mZ)* to I is an isomorphism. The fol-

lowing result gives the prime ideal decomposition of the principal ideal generated by the
Gauss sum g(®@ ") in Q({n, §p)-

Theorem 3.6. For any r € Z the prime ideal decomposition of the principal ideal (g(® "))
in Q(&m, C)p) is given by

(g(w—rd)> _ H Gt—l(;pm)s(rtd)7
1€(Z/mZ)* [{p)
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where By, is the prime ideal of Q(Cy, {p) lying below *B.

Proof. The claim is trivially true when r = 0. To go further we first notice that the only
prime ideals in Q({, &) containing g(w~") are those containing p, because for r # 0

(mod m), we have
g0~ )g(0) = |g(0 )P =g =p’.

Thus, the only prime ideals that divide (g(@~")) in Q({y, &) are the prime ideals above
p (equivalently, above p).

By Galois theory, we know that o, ! (0,,), for ¢ € (Z/mZ)*, are all the primes of Q({, §,)
lying above p.

By the definition of the Guass sums we have o;(g(@ %)) = g(@~""%). Therefore,

Vot o, (€@ 7)) = v, (i (g(@™)))
3, (g(@7))

v (g(@~")),

Il
<

where the second last equality is because the prime ‘3 is unramified over the prime *J3,,,.

Thus by the second statement of Theorem [3.5 we have:

Vo, (Pom) (g(@™)) = s(rtd).

Recall that Dy |, = {0 € I': 0(Pw) = P} is the Decomposition Group of P, over p.
Since p is unramified in Q(&n,Ep), Dy, p is a cyclic subgroup of I' of order f generated
by the Frobenius element c,. This means that the prime ideals of Q({,(,) above p
are obtained once and only once as o, ! (Bm) for o; € I'/Dy, |, in other words for ¢ €
(Z/mZ)*/(p). Consequently,

g@)="JI o "By
t€(Z/mZ)*/(p)

The restriction homomorphism from I" to Gal(Q({,,)/Q) induces an isomorphism from
I" to Gal(Q(&,)/Q). We shall denote the image of o; € I" under this isomorphism by o;.
Let N be the relative ideal norm from Q({,{,) to Q(&n). From Proposition 2.23] we
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know that g(@~")" € Q(&,). Since o(g(@")™) = g(w ") for all ¢ € T, we have
N((g(o™™)™) = g(@™ "= VZ[L,).

We now give the prime ideal decomposition of the principal ideal generated by g(w~"%)"

in Q(Cm)

Theorem 3.7. For any r € Z the prime ideal decomposition of the principal ideal (g(@®~")™)
in Q(&y) is given by
(g(w—rd)m) _ H o.t—l(pm)%-s(rtd).
te(Z/mZ)* [ (p)
Proof. Theorem [3.6]implies
(g(wfrd)m) _ H G;l(mm)m-s(rtd). (3.10)

t€(Z/mZ)* [ (p)

The primes o, ' (%,,) are totally ramified in Q({,, p). It follows that the ramification
index of Gt_] (B) over p,, is equal to the full degree p — 1, which in turn implies that the

inertia degree of 6, (%,,) over p,, is equal to 1. Thus,
N(o; ' (Bw)) = 0, (pm)-

We take the relative norm on both sides of the equation [3.10]and obtain the following:

g " VzZG =TT o )™
(£(@/mI) /{p)

= H Gt_l (Ppm
t€(Z/mZ)* [{p)

)%(pfl)vs(rtd)'

Furthermore, in general, if a and b are two ideals of a number field with the property that

ak = b¥, then a = b. Hence, we have

(@) =g "2l = ] o ()7,
te(Z/mZ)*/(p)

Theorem 3.7]is an important result in the theory of cyclotomic fields. It is also the basis for
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the proof of Eisenstein reciprocity (see [18]). In the last century the theory of cyclotomic
fields has been dramatically advanced principally due to the efforts of Iwasawa. In his
work Theorem |3.7|occupies a central position. It has also turned out to be of importance

in arithmetic algebraic geometry.

3.3 Stickelberger’s Element

The results of the last section can be expressed in a much more nice fashion using the
language of group rings. Let G = Gal(Q({,,)/Q), R = Z|G]. Then the class group Cl,, is
a Galois module. We treat Cl,, as an R-module as described in Any element of G
is of the form o, : {, — {7, for some a € (Z/mZ)*.

Definition 3.8. The Stickelberger element of Q({,,) is an element of Q[G] defined as

0= ) — %o, !
a modm m ¢
(a,m)=1
Lemma 3.9. 1. Forall r € 7Z we have
p'r
s=-1 ¥ {2
o<i<f | 4

2. For0 <r < g—1 we have
t(r) = (—p)_vp(r!)r! (mod p).

Proof. (1). Both sides of the formula are periodic of period dividing ¢ — 1; hence we may

assume that 0 <r < g—1, so thatr:ZOS_Kfrjpj with0<r;<p—-1.For0<i< f—1

we have
pir: Z rjpj+i+ Z r_,p”i
0<j<f—i—1 f—i<j<f
= Y /M Y mp (modg-1),
0<j<f—i—1 f—i<j<f
hence
pir 1

= Z rjpj+i+ Z rjpj“*f
q9- 9= 1 \o<j<f—i-1 f-i<j<f
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It follows that

pr

Z Zr/p

el K T q- LoS%s

where

pr-1 g-1

D D D N e M

0<i<f—j—1 ffj§i<f 0<i<f -l

proving (1).

(2) is easily proved by induction on r: it is trivially true for r < 1. Assume r > 2 and that
the formula is true for r — 1, and let r = } < j< 1 7; p’ be the p-adic decomposition of r,
with 0 <r; < p—1and r; # 0. Since

r=1= Y (p=Dp'+(n-0p'+ ¥ oy
0<j<k—1 k+H1<j<f~1

it follows from Wilson’s theorem that

tr—1)=(-)"n-1! [ (;)! (mod p),

k+1<j<f-1
hence that
’
pr— f— k [— = —_— f—
tr)=(=D)"nt(r—1) = (_p)vp(r)t(r 1) (mod p),
where v, (r) is the p-adic valuation of r. The result follows by induction. |

We have the following restatement of Theorem

Theorem 3.10. Let ® be the Stickelberger element of Q(Cy,). Then
(g(@™)") = pp°.

Proof. Let T be a system of representatives of (Z/mZ)*/(p). From Theorem [3.9, we

have the following prime decomposition:

g0y =TI o "(pw)r .
te(Z/mZ)*/(p >
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From Lemma [3.9] we have,

pt
std)=(p—1) ), { —
o<i<f | ™
Therefore,
(gl )y™) =ppe,
where
pr|
o= Z Z ; Gt 1.

teT 0<i<f

As t varies in T and i ranges from O to f — I the elements p’t modulo m range through
(Z/mZ)*, so that

a= Y {t/m}o;’,

te(Z/mZ)*

where ¢’ is a representative of the class of  modulo (p). Since the decomposition group

of p,, over p is a subgroup generated by o), it follows that p)* = p%q |

Quick recap. Let p be a prime ideal of Q({,) which is coprime to m and ® be the
Stickelberger element of Q((,). So far, we have shown that p”® is a pricipal ideal in

Q(&n). This innocent looking result is actually very strong, which we demonstrate below.

Lemma 3.11. Let F be a number field and m be an integral ideal of F. Then every ideal

class of CI(F) contains an integral ideal prime to m.

Proof. Let a be an ideal of & and let {py,...,p;} be the set of prime ideals dividing m
which do not divide a. If p divides a then let a(p) be the exponent of p that occurs in the

prime decomposition of a. Choose some
775(]3) c pa(p) _ pa(p)”‘] .
By the Chinese Remainder Theorem there exists an & such that

o= n(p) modp®®* forp|a,

a=1 modyp; fori=1,2,....1.

If p
in the prime decomposition of (o) is equal to a(p), and that p; does not divide () for

a, then the above system of congruences implies that the exponent of p that occurs
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i=1,2,...,1.

Thus we can write (o) = ac where ¢ is an ideal coprime to m. This shows that there is
such an ideal, which is coprime to m, in the inverse of the ideal class of a, and because a

was arbitrary we deduce the result. |

The above lemma implies that the set of prime ideals, coprime to m, completely generates
the ideal class group. Since these prime ideals are annihilated by m®, we conclude that

the ideal class group is annihilated by m®.

Theorem 3.12. The m-th multiple of the Stickelberger element ® of Q(L,,) annihilates
the ideal class group Cl,, of Q(Cy), that is, for any fractional ideal a of Q(&y,) the ideal

a® is principal.

Proof. Let a be a fractional ideal of Q({,,). Then there is @ € Q(&,,), such that b = aa
is an integral ideal of Q({,,) coprime to m. Let p,, be a prime of Q(&,,) which divides
b, choose a prime g of Q({,—1), such that p,, is the unique prime of Q({,,) lying below
q. Theorem implies that p%(a is principal, where © is the Stickelberger element of
Q(&,). By multiplicativity, b”® is principal in Q(&,,). [

3.4 Stickelberger Ideal of Cyclotomic Fields

We retain the notations from the previous sections. In this section, we will define the

Stickelberger ideal of Q({,,) and show that this ideal annihilates the ideal class group Cl,,
of Q(&m)-

Definition 3.13. Let O be the Stickelberger element of Q((,,). We define the Stickel-
berger ideal Is of Q({,,) by
Is:= RNOR.

For any b € Z with gcd(b,m) = 1 we define ®, = (b — 0;,)® € Q[G]. Then we have

ba
O=(b—0,)0= Y |—|o,". (3.11)
a modm m
(a,m)=1

This implies that ®; € R and hence O, € Is.
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Example 3.1. If m = p is an odd prime and b = 2 we have

0, =— Z Gt_l.
(p+1)/2<t<p-—1

Proposition 3.14. The Stickelberger ideal Is of Q((,,) is generated by the Oy as a Z-
module (hence also as an ideal). More precisely, it is generated over 7 by @y, for 1 < b <
m with ged(b,m) = 1, and Oy, 1.

Proof. By definition an element 6 € Ig has the form 6 = y®, where y® € R and y € R.

Let . =) 1<c<m - If wewritey= Zxcac, where x. € Z, then
ged(e,m)=1 c

a
’}’@ZZXC - Gc:cll:;dbcb_l'

bc
“Xe{ir}

Since y® € R we have d, € Z for 1 < b < m with gcd(b,m) = 1, and in particular

with

C C
d] :;Xc % :;xcae 7.

We have
mO = ((m+1)—0pus1)® =0, €R. (3.12)
Thus
—Zxc —C ®+md1®— ZxC@) +d1Op1,
which proves our claim. |

Proof of Theorem As in the proof of Theorem [3.12] it is sufficient to show that p}, is
a principal ideal for any Y € Is and any prime ideal p,, coprime to m. Recall from Theorem

310 that
(g(@=)") = p°,
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raise both sides to the power b — o, for b coprime to m and obtain
% — (gl )=o) — (@),

where o = g(w~%)¥~%). From Proposition o € Z[Ey]. Since peb and () are ideals
of Z[&,] whose m-th powers are equal, by uniqueness of the prime ideal decomposition
in the Dedekind domain Z[{,] we deduce that they are equal and, in particular, P s
a principal ideal. We know, from Proposition that ®, generates Ig, thus p}, is a
principal ideal for all y € Is. |

3.5 Stickelberger Ideal of Abelian Number Fields

In this section we define the Stickelberger element and the Stickelberger ideal of arbitrary
abelian number fields. Let E be an abelian extension of Q, G = Gal(E /Q), and R = Z[G].
Then the class group CI(E) of E is a Galois module. We treat CI(E) as a R-module as

described in §2.3.1]

The Kronecker-Weber theorem implies that E C Q((,,), we call the least such m the con-
ductor of E. Thus, we can realize G as a quotient group of Gal(Q((,,)/Q) = (Z/mZ)*.
Any element of Gal(Q({,)/Q) is of the form o, : §, — £%, for some a € (Z/mZ)*. In

what follows, we also denote by oy, its restriction to E.

Definition 3.15. The Stickelberger element of E is an element of Q[G] defined as

Definition 3.16. The Stickelberger ideal Is(E) of E is an ideal of R defined as

Is(E) = RNO(E)R.

We define
Oy(E) := (b—0,)O(E),

then ®,(E) € Is(E) (analogous to Equation [3.11). We know from Proposition that
the Stickelberger ideal of cyclotomic fields is generated by ®,. However, the analog

of Proposition [3.14]1is not true in general for abelian number fields, as suggested by the
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following example.

Example 3.2. Let E = Q(v/3) = Q(¢[5) € Q(&12), with

Gal(Q(Clz)/Q) = {617657677611}>

however, when restricted to E, 6y = 011 = 1 and 05 = 07 = ¢. Therefore, the Stickel-
berger element of E is ® = 1 + ¢. Since ® € Z[G], where G = Gal(E/Q), the Stickel-
berger ideal is equal to / = ®Z[G]. The ideal generated by (1 — oy =0), (5—0), (7—0),
and (11 —1) is equal to (2,1 + o = @), therefore, J in this case is (20, ®?) = (20) which

is properly contained in /.

We now proceed to give a proof of Stickelberger’s theorem for arbitrary abelian number
fields. For simplicity, let ® = @(E). Let a be an integral ideal of E that is a co-prime to m,
and let aZ[(,,] = 1, p; be its decomposition into primes in Q(&,). Then, from Theorem
we have

(aZ[Gn])™ Hp (Hg(%pf)m),

with x,! = 1, and we write xp, to indicate that ¥ depends on p;. Let B € R be such that
BO € R. Then

©—(yP™), where y= Hg()(pi) € Q(Cpm),

where P = []; p; is the product of rational primes lying below p;’s.
Proposition 3.17. Let K be a number field, a € K*. and n € 7. Suppose (a) = a" for some
ideal a of K. Then K(a% )/K is unramified outside of the primes dividing n.

Proof. Leta = an, f(x) = x* — a be the minimal polynomial of &, and L = K(a). Then

|disc(f)| = [Normy, /x f'(a)| = |NormL/Kboc”_'| =n"a" .

It is well known that a prime in L/K ramifies if and only if it divides |disc(f)|. Therefore,
the only ramified primes in the extension L/K are the factors of n and prime factors of a.

Since (a) is a n-th power of an ideal a, for a prime factor p of @ which is relatively prime

to n, we have
1 1
Kp(“”) ZKp(“”),

for a unit u of the p-adic completion K, of K.
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Since p 1 n,
1
Ky (un)/Kp

is unramified. To finally conclude that p is unramified in K (a%)/ K, we use [15, Theo-
rem 4.8.5], which says that the ramification index of p in K (a% )/K is equal to the ramifi-

cation index of K, (a% )/ K.

Since the ramification index of K, (a%) /Ky is 1, the prime p is unramified in K (a%) /K.

This proves our claim.

Since Y™ € Q(&,), and it is the m-th power of an ideal of Q(,), namely af®, from

Proposition |3.17} it follows that the extension

Q(&n ¥)/QUSm)

can be ramified only at primes that divide m. But

Q&) € Q%m, Y*) € Q(Sms Cp)

which implies that ramification can occur only at the primes dividing P. But gcd(P,m) =
1, thus the extension must be unramified. We need the following lemma which says that

there does not exist a nontrivial unramified subextension between two cyclotomic fields.

Lemma 3.18. Let m,n > 1 be such that m divides n. If Q(&,,)) C K C Q(&,) and K/Q(&y)
is unramified at all primes, then K = Q(p).

Proof. If m = n, then it is trivial. Suppose m # n. Let p be a prime that divides n/m.
Then Q(&mp)/Q(En) is totally ramified at the primes above p. Let F = KN Q({p), then
Q(&n) C F C K, and since K/Q({y,) is unramified at primes above p, F /Q({,) must also

be unramified at primes above p.

Suppose that F # Q(y,), we have Q({,) C F C Q({mp). Let B be a prime of Q({np)
above p, p = PNQ(&,), and g =PNF. Then we have e(*P|p) = p— 1, and e(q|p) = 1,
which implies that e(B|q) = p — 1. But e(P|q) < [Q({np) : F] < p— 1. Contradiction.

Thus, F = Q(&x). So [K(Cmp) :Q(Cmp)] = [K: Q(Cn)]-
The lift of an unramified extension is still unramified, so now we are in the original situa-

tion, but with mp replacing m. Proceeding in this manner, we find that [K (&) : Q(8y)] =
[K : Q(&n)]. Since K C Q(E,), it follows that K = Q(&). .
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Lemmaimplies that Q(&n, ¥YP) = Q(&). ie., ¥ € Q(&,). Therefore aBP® = (y#) is

principal as an ideal of Q({,,). To show that it is also principal as an ideal of E, we prove
that % € E.

Let q be a prime of Q({,—1) lying over one of the prime factors p; of a. Recall that ;. a
priori depends on the choice of q, so we write xp, = xq. Let 0 € Gal(Q(&y—1)/Q(&m))s

then o induces a natural isomorphism between the following residue fields

Z[Eg1]/a = Z[Ey-11/9°.

In what follows, we do not distinguish between these two fields, and we denote both of
these fields by IF,,.

Let a € Fy, if xq(a) = &, then yqo(a) = §°. Therefore x5 = xqo, but 3" = 1, which
implies that values of x4 are m-th roots of unity. Since o fixes Q({x), we have ¥ = Xq.
S0 Xq0 = Xq for o € Gal(Q({y—1)/Q({n)). Therefore, xq depends only on p;, thus we
can return to the notation Xy,,. Similar argument also implies that xg = Xpo for o €
Gal(Q({m)/E). Let us extend o to Q({u,Ep), by letting o(8,) = {,, where p is the
rational prime lying below p;, then g(xp,) = g(Xp,) = 8(Xpe)-

For any ¢ € Gal(Q({,,)/E), we have a® = g, i.e., 6 permutes the p;’s. Therefore
7P =1s06)P° =T te)’ = 7.
l l

Since, }/'8 € Q(&n), we have }/ﬁ € E. So af® is principal in E. We have proved the

following.

Theorem 3.19. Let I5(E) be the Stickelberger ideal of E. Then Is(E) annihilates the ideal
class group CI(E) of E.

Remark 3. The Stickelberger theorem does not give any information in case of real abelian
number fields. Let £ be a real number field of conductor m. Then ¢, = 6_,, and since

{a/m}+{—a/m} =1, we have

@)(E)—l Z o, —MNorm
T2, & T 2deg(E) E/Q

Thus a multiple of the norm annihilates the ideal class group of E, which is obviously
true for any number field. This suggests that we can obtain nontrivial results only if we

consider imaginary number fields.
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In [30]], Thaine used cyclotomic units to construct annihilators of ideal class groups of
real abelian fields E: let m be the conductor of E, G = Gal(E/Q) its Galois group, put
K =Q(&n), and let Ug be the group of units of E. Let Cg be the subgroup of Ug consisting

of units of E of the form

+Normg /¢ (H(Crﬁ - 1)b“> )
a
where b, € Z. The subgroup Cg is called the group of cyclotomic units (sometimes also
called circular) units of E. Then Thaine proved that for any prime p that does not divide
[E : Q), 20 kills the p-class group Cl,(E) of E whenever 6 € R kills the p-Sylow subgroup
of U E / CE.

3.6 Some Natural Questions

Example suggests that the analog of Proposition does not hold in general for
abelian fields which are not cycltomic fields. Therefore, it is natural to ask the following

question.

Question 1. Are there abelian fields E of the conductor m that are not cyclotomic such
that the Stickelberger ideal I5(E) is generated by ®(E) for 1 < b < m with gcd(b,m) =1
and ®,,,(E)?

We notice that in Example the Stickelberger element of Q(\/g) has integer coeffi-

cients. Therefore, we ask the following natural question.

Question 2. For what abelian number fields £ with Galois group G, the Stickelberger
element O(E) € Z[G]?

Example [3.2]suggests that there exist quadratic number fields such that the coefficients of
their Stickelberger element are integers. This property is actually true for a wider class of

abelian number fields, as we shall see now.

First, if E is a cyclotomic field of conductor m, then by the definition of the Stickelberger
element @(E) ¢ Z[G]. Therefore, we can only find abelian number fields with such a
property if we consider abelian number fields E of conductor m with E # Q(,,).

Let us now consider a real quadratic number field E of discriminant d > 0, we know that
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the conductor of E is d. From Remark |3|the Stickelberger element of is given by

O(E) = @Normm@.

Clearly, there are infinitely many real quadratic fields of discriminant d such that 4 divides
¢(d). For example, take E = Q(/d), where d = 5m for some m € Z~, and (5,m) = 1,
then 4|¢(d).

Now consider an imaginary quadratic number field E = Q(v/d), with discriminant d #
—3,—4,—8. Let G = Gal(E/Q), and R = Z|G]. Recall that f = |d| is the conductor of E,
the field £ embeds as a subfield of Q({y). We have the following natural surjection.

%e  (Z/FL)" = Gal(Q(4y)/Q) — G = (£1), (3.13)

where the final equality is the unique isomorphism between cyclic groups of order 2. It is

clear that g is a character of (Z/f7)* of the order 2. Set

A= Y a, B= ) b,

xe(a)=1 xE(b)=—1

then the Stickelberger element ® := O(E) of E is given by

1
®=-(A+Bo),
f
where o is the non-trivial automorphism of £ /Q. The definition of ® implies that f® € R.

Actually, much more is true; Schmid [23]] proved the following.

Theorem 3.20 (Schmid). Let A and B be as above, then f divides A and B unless d =
—3,—4 or —8. Equivalently, the Stickelberger element ® is an element of Z|G| unless
d=-3,—4or 8.

This implies that the Stickelberger ideal Is := I5(E) of E is the principal ideal in R gen-
erated by O, that is, Iy = OR. In particular, ® annihilates the ideal class group of E. We
know that the norm element 14 ¢ also annihilates the class group of E. In fact, in the
next chapter we show that 1 + o € Is (see Proposition[4.12). Therefore,

4 (%(AJrBG) _ ?(1 +o)) S (%(A—B)) e ls.

If E is an abelian number field, then we know that the class number /(E) annihilates the
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ideal class group of E. Therefore, it is natural to ask the following question.
Question 3. Do there exist abelian number fields E for which h(E) € I5(E)?

Let h := h(E) be the class number of E, then the analytic class number formula for imag-

inary quadratic fields implies that

1

h=—— ) xe(@a=—(B-A),
f aetysny !

therefore, h € Ig. If the class number of E is 1, then 1 € I and I¢ = R. We are not aware

of any other examples of an abelian number field for which the ideal class number is an

element of the Stickelberger ideal.

We have seen in Remark [3|that the Stickelberger theorem does not give any information on
the annihilators of an ideal class group of real abelian fields. In [30]], Thaine constructed
annihilators of the ideal class group of real abelian fields that are clearly different from

those given by the Stickelberger theorem.

Question 4. Let E be an imaginary cyclotomic field. Are there any annihilators of the

ideal class group of E that are different from those given by the Stickelberger theorem?

This question has been answered positively in [20], where the authors have constructed
annihilators of the ideal class group of E that are not contained in the Stickelberger ideal
of E.



Chapter 4
Iwasawa’s Class Number Formula

Let m be any positive integer and G = Gal(Q({,,)/Q) = (Z/mZ)*. Let x be a character
of G, then y is also a Dirichlet charater of modulus m, we denote by f, the conductor of
x- In what follows, we do not distinguish between y(a) and x(0,), for any a coprime
to m. Let j = 0_1 € G be the complex conjugation, then ) (j) = x(—1) can be equal to
1 or —1. We say that y is even (respectively, odd) if x(j) = x(—1) = 1 (respectively, if
x()=x(=1)=-1).

4.1 Analytic Class Number Formula

In this section we briefly recall the analytic class number formula (for a full discussion,

see Chapter 4 of [32]). We first prove a basic result from the theory of cyclotomic fields.

Proposition 4.1. Let W be the group of roots of unity in Q(§,,) and w =#W. If m is even,
the only roots of unity in K are the m-th roots of unity, so that W = 7,/mZ. If m is odd,
the only ones are the 2m-th roots of unity, so that W = 7./2mZ. In particular, w = m if m

is even and w = 2m if m is odd.

Proof. If m is odd, then (—&,)"*+1/2 is a primitive 2m-th root if unity. Therefore,
Q(&n) = Q(&m)- Tt will, therefore, suffice to establish the statement for m even. Let
o € Q(&,) be primitive k-th root of unity, k { m. Then {, ¢ is a primitive r-th root unity,
where r = lem(k,m) > m. Thus Q(¢,) € Q(&,) and

¢(r) =[Q(&) : Q < [Q(n) - Q] = ¢(m),
where ¢ denotes the Euler phi-funtion. But m is even and m properly divides r implies that

43
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¢ (m) properly divides ¢ (r), so that, in particular, ¢ (m) < ¢(r), which is a contradiction.
Thus, the m-th roots of unity are the only roots of unity in Q(&y). [ |

Lemma 4.2. If « is an algebraic integer all of whose conjugates have absolute value 1,

then o is a root of unity.

Proof. We know that the minimal polynomial of o over Z is

d
p(x) =[10r— o),

i=1
where d is the degree of @ over (Q and ¢; are all the conjugates of ¢. Then

d
pu(x) = H(x— o)
i=1
is a polynomial over Z with " as a root. It also has degree d, and all the roots have
absolute value 1. The coefficients of these polynomials are integers which can be given
bounds depending only on the degree of a over Q. It follows that there are only finitely
many irreducible polynomials which can have a power of & as a root. Therefore there are

only finitely many distinct powers of &. The lemma follows. |

Proposition 4.3. Let U be the unit group of Q(&). Let U be the unit group of Q(E,)),
W be the group of roots of unity in Q(§,), and Q := [U : WU ] be the Hasse unit index
of Q(&n). Then Q = 1 if m is a prime power and Q = 2 is m is not a prime power.

Proof. We show that Q € {1,2} and omit the proof of the second statement which is
an easy but a lengthy computation. Let ¢ : U — W be a group homomorphism defined
by ¢ (u) = u/i. Let G = Gal(Q(&,,)/Q) and 6 € G, then (1) = o (i) (because complex
conjugation commutes with the other elements of the Galois group), we have |6 (¢ (u))| =

1 forall o € G. By Lemma{.2) ¢ (u) € W.

Let : U — W /W? be the map induced by ¢. We claim that ker(y) = WU ™. Let u = {uj,
where §{ € W and u; € UT. Then

¢ (1) = Cur /Qur = CPuy fuar,

since u; € U™, uy = uy. Thus, ¢(u) = L2ew?, souc ker(y). Conversely, suppose u € U
and ¢ (u) = {? € W2. Then u/i = {2, which implies { ~'u = {7. Therefore, u; = {~'u
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is real. It follows that ker(y) = WU ™. Since [W : W?] = 2 and [E : ker(y)] must divide
[W : W2], we are done. Note that if ¢ (U) =W then Q = 2;if ¢(U) =W?>thenQ=1. B

Let Cl,, and h,, (respectively, CI and k) be the ideal class group and the class number
of Q(&u) (respectively, Q(&1)). The class number A}, is always a divisor of f,,. This

numerical statement has an algebraic underpinning as follows:

Lemma 4.4. The natural map (induced by the inclusion of fields) Cl!, — Cl,, is injective.
The quotient h,,/h, is the order of the cokernel of this natural map, and therefore an

integer.

Proof. We will show that the kernel of this natural map is trivial. Suppose / is an ideal

of Q(&F) which becomes principal when lifted to Q(&,,). We claim that I is principal in
Q(&n)-

LetI = (&), where o € Q({,,). Since I is real we have

Therefore, &/ is a unit. Also all its conjugates have abosulte value 1. By Lemma
o/ o is a root of unity. If m is not a prime power, then Q = 2 and Proposition 4.3 implies
that there is a unit u in Q({,,) such that

This implies that o is real, i.e., au € Q(§,), and I = (a) = (o). It follows form
the unique factorization of ideals in Q(&,}) that I = (ou) in Q(&,}), so I was originally

principal.

Now suppose m = p" for some positive integer n. Let 1 = {,, — 1. We have n/7%T = —(,,
which generates the roots of unity in Q({,,). Therefore & /o = (n/7)¢ for some d. Since

the 7-adic valuation takes on only even values on Q({") and since ar? and I are real,
d == V;r(OUZd) - Vyr(a) == V;;(OCTCd) - Vﬂ;(l)

is even. Hence &/a = (—{,)¢ € W2. In particular, &/ = £/ for some root of unity
£, and o is real. As before, I = (a{), so I was originally principal. This completes the
proof. [
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The quotient h,,/h;}; is written h,, and is known as minus part of the class number or
simply the minus class number. We now recall the definition of Bernoulli numbers and

some of their properties.

Definition 4.5. The Bernoulli numbers B,, are defined implicitly by the relation

tet o N
e —1 - Z B”E'
n=0

,By = 0,B4 = —% and

AN—

Some of the initial Bernoulli numbers are: By = 1,B| = %,Bz =

SO On.

Proposition 4.6. If n > 3 is an odd integer greater than or equal to 3, then B,, = 0.

Proof. 1t suffices to show that the formal power series ef%tl — % does not have any odd-

degree terms. Since we have

ettt —141) t +t
e—1 2 -1 2 -1 2
and .
—t)e —t —t t t t
( — )e — ( ) = + - = + ~
el —1 2 1—e 2 e—1 2
e,’ft T — % is invariant under the substitution t+ — —¢. This shows that the coefficients of
odd-degree terms are all 0. [

Definition 4.7. Let y be a Dirichlet character defined modulo m. Then the generalized

Bernoulli numbers B, 5 are defined implicitly by the relation

Z emt — 1 - Zanxﬁ

a=1 n=0

Clearly, B, y = B, for x = 1. Table [1;1‘] contains some Bernoulli numbers B, 5 for char-

acters ) defined modulo 3 and modulo 4.

For studying generalized Bernoulli numbers, the Bernoulli polynomials are an indispens-

able tool. They are defined by

tetx oo n

t
o1 = ZBn(X);

n=0
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n_| 3By (fx=3) | 2By (fx=4)
1 | -1 —1

3 |2 3

5 | -2-5 —52

7 12.7% 7-61

9 [ —2-809 —32.5.277
11[2-11-1847 11-19-2659

13 -2-7-13%3-47 | —5-13%.43.967
15[2-5-419-16519 | 3-5-47-4241723

Table 4.1: Bernoulli Numbers

The following propertie of Bernoulli polynomials are easy to verify:
Bn(x) € Q[x);
* Bu(1) = By, Bo(1 —x) = (—1)"Ba(x);
 B) =i (B
* Buy= 2 X0 x(@)B, (£).
Since By (x) =x— %, the last property immediately implies that

£

a=1
(@m)=1

1
Bl,x:%

for any )y # 1. We have seen that all the Bernoulli numbers with odd indices greater than

1 are 0. For generalized Bernoulli numbers we have the following.

Proposition 4.8. Let )y be a non-trivial character. Then, for any n satisfying (—1)"~! =
x(—1), we have By = 0. In other words, if X is an even character, then B, , with odd

indices n are 0; if ) is an odd character, then B, 5 with even indices n are 0.

Proof. Since Y is non-trivial, we can rewrite the generating function as follows:

m=1 y(a)re” m— a)tem=a)

e
;em’—lzaz‘l em —1

m—1 x(a)te*‘”

— —1 —_—
x( )a:1 =
m—1 a a(_l)
=220 X<e’21£ )) 1
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It follows immediately from this that the generating function is an even function if y(—1) =
1, and an odd function if y(—1) = —1. [
We now state the analytic class number formula for the minus class number of Q(&,,).
Proposition 4.9. Let Q and w be defined as above. Then

1
= 0w I (—531,;(), (1)

X odd

where the product extends over the odd Dirichlet characters defined modulo m.

Proof. See [32, Theorem 4.17]. [ |

4.2 Z-rank of Stickelberger Ideal

Let m = p" # 2, where p is a prime and # is an arbitrary positive integer. Denote by ©®
the Stickelberger element of Q({,,), by R the group ring Z[G], and by I5 the Stickelberger
ideal of Q({y,). From Proposition it is clear that the Z-rank of g is bounded above
by ¢ (m)+ 1.

Let x be a character of G, then we can extend y to Q[G] by linearity: let ¢« =Y 5c5x60 €
Q[G], then y(a) = ¥ gecgxsx(0). It follows from the definition of generalized Bernoulli

numbers that x (®) = B; ,-1 whenever ¥ is non trivial.

Proposition 4.10. Let x be a character of G, then X (®) = 0 if and only if ) is a non-trivial

even character.

1

Proof. We know that the character J is even (respectively, odd) if and only if ¥~ is even

(respectively, odd). If y is odd, then Propositionimplies that y(8) =B ,—1 #0. If ¥
is a trivial character, then clearly x(®) # 0. If y is a non-trivial even character, then from
Proposition 4.8 (®) = B, ,,-1 =0. |

Proposition 4.11. The Z-rank of Is is 2% + 1.

Proof. Let the Z-rank of I be r, then

Is=RNOR=7Zvi®---DZLv,, 4.2)
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for some vy,vy,...,v, € Is. Let (Ig) be the ideal in Q[G] generated by Is. Clearly, we have
(Is) = ®QIG], and from equation 4.2 we have

OQ[G]=Qvi®---®Qv,.

Thus, r is equal to the Q-dimension of the principal ideal ®Q[G] which is equal to the

number of characters that do not vanish at ® (by Equation [2.7). From Proposition [4.10

we know that there are exactly @ + 1 characters of G that do not vanish at ®, which

proves our claim. [ |

Proposition 4.12. Let N =) ;. O be the norm element of G. Then
N=(1+))O.
In particular, N is an element of the Stickelberger ideal Is.

Proof. Since j = 06_1; = 0,,—1, we have

1 1
O = n—12ao,,;;_a = n_zzw”ﬁ“

1
14j0)=— — 1 =N.
(14j0) = —) (m—a+a)o, ,

Since N € Z|G], the norm element N € Is. |

In what follows, we shall be mainly dealing with the ideal (1 — j)Ig instead of Is.

Proposition 4.13. The Z-rank of (1 — j)Is is ¢ (m)/2.

Proof. We use a similar argument as in the proof of Proposition The Z-rank of
(1 — j)Is is equal to the number of characters that do not vanish at (1 — j)®. Let x
be a character of G. If x(j) = 1, then clearly x((1— /)®) =0. If x(j) = —1, then
2((1—j)®) =2x(0), but x(®) # 0 (by Proposition 4.10). Which implies that only the
characters do not vanish at (1 — j)® are the odd characters and there are exactly ¢ (m)/2

odd characters, which proves the claim. [ |
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4.3 Plus and Minus Part of /s

Let M be an R-module. Recall that MT = {x € M : j-x = x} is the plus-part and M~ =
{xeM: j-x= —x} is the minus-part of the R-module M.

Proposition 4.14. Let R* and R~ be the plus and minus part of R respectively. Then,
Rt=(1+j)R, R =(1—-j)R
Proof. Let @ € (1+ j)R, then we can write o = (1 + j)p for some § € R. We have

jra=j-(1+)p=a.

Conversely, if

m

o= Z X404, €ERT
a=1
pla

then jo = a. By comparing the coefficients on both sides we have x,;, = x,,,—,. If

|m/2
b= L
1

“Dta

]
xaGLh

then a = (1 + j)B € (1+ j)R. Using a similar argument we can show that R~ = (1 —
/R n

Let I be any arbitrary ideal of R, then
I"D0+j) and I~ D (1— I

This section contains a detailed study of the plus part I;r and the minus part /g of the

Stickelberger ideal of Q((,,). We first settle the simple case of plus part of Is.

Proposition 4.15. We have 1§ = (1+ j)Is = NZ. In particular, the Z-rank of I{ is 1.

Proof. Since (1+ j)® = N, we have NZ C (1+ j)Is C I;r, and we have to show that
ISJr C NZ. Moreover, it suffices to verify that I§L C NQ, because NZ = NQNR.

For any o € R™, we have jo = a, which implies (1+ j)ot = 2. We obtain

205 = (1+j)I§ € (1+j)Is € (14 j)OR =NR = NZ.
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(Recall that NR = NZ.) Thus, I C NQ, as wanted. [

Recall from the proof of Proposition 4.14]that, if

m

o= Z X,0, € R+,
a=1
pla

then x, = x,,,—,. Therefore, we can write

Lm/2]

o= Y x(Cu+0Cua)ER.
a=1
pta

From this we see that the Z-rank of R™ is @ Similarly, the Z-rank of R™ is also @

Proposition 4.16. The index [R* : IS+ | is infinite except when m = 3 or 4, in which case it

is equal to 1.

Proof. Ifm =3 or4,then Rt = I = (1+ j)Z. Suppose that m # 3 and 4, then ¢ (m) /2 >
1, and from Proposition we know that Z-rank of I; is 1, which implies that [RJr : I; ]

is infinite. |

The theory of the relative part I is much more substantial. We have the following inclu-
sion

R™DIg O (1—j)s,
and the Z-rank of R~ and (1 — j)Is is ¢(m)/2, so is the ank of I . In particular, both the
indices [R™ : I and [Ig : (1 — j)Is] are finite.
Define J := {a € R: a® € R}, so that [ = JO. Let ® : R — Z/mZ be defined by @ :

0, — a mod m. Then ® extends to a surjective ring homomorphism.

Lemma 4.17. The ideal J is the kernel of ® : R — Z/mZ.

Proof. Let
o= i Xp0p € R.
(mp)1
Then " " " .
ma® = Z Z axbO'a_lcb: Z O, Z AXge.
a=1

a=1 b=1 c=1 =
(m,a)=1 (m,b)=1 (mye)=1 (a,c)=1
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If x® € R then the coefficient of o1 in ma® is divisible by m and so

a=1

ax, =0 (mod m)
(m,;)zl

or equivalently ®(a) = 0. Conversely, if ®(a) = 0 then the coefficient of o} in @® is an
integer. But the coefficient of o, in a® is also the coefficient of 07 in OCGC_IG). But as &
is a homomorphism, ®(a) = 0 implies that (o, ') = 0, and so the coefficient of o, in
a0 is an integer. Hence a® € R.

To summarize, a® € R if and only if ®(a) = 0, as required. [ |
Corollary 4.18. We have [R:J| = m.
Proof. The claim follows as @ : R — Z/mZ is surjective and ker(®) = J. |

Let o € (1 — j)Is, then o = (1 — j)®P for some B € J. This B may not be well-defined,
to illustrate this, we note that 1 + j € J and (1 — j)O(1+j) = (1 — j)®(2+2j) = 0.
However, the parity of the weight w(f3) of B is well defined (see Definition [2.3.3).

Proposition 4.19. Let By, B, € J be such that
(1=/)8B = (1—)OpB;.

Then

w(B1) =w(B2) (mod 2).

Proof. 1t suffices to show that (1 — j)®f = 0 implies w() =0 (mod 2).

If (1 - j)®B = 0, then j®B = Of. This implies O € I] = NZ, therefore, we can write
®f = Nk for some k € Z. Taking weight of both sides, we obtain

It is well known that
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Thus,
(L m-¢(m)  ¢(m)
M= a; “CToan T2
(a,m)=1
We also know that w(N) = ¢ (m). Therefore,
w(B) = 2w(k),
equivalently, w() =0 (mod 2). [

Definition 4.20. Let o = (1 — j)®f € (1 — j)Is. Then « is called even (respectively, odd)
if w(B) is even (respectively, odd).

Let Iy = {a € (1 — j)Is: o is even} be the subgroup of all even elements of (1 — j)Is. We

know that the set of even elements form a subgroup of index 1 or 2.

Proposition 4.21. If m is a odd prime power, then
(1= s : o] = 2.
However, if m = 2" for n > 1, then
(1= j)ls o] = 1.

Proof. We know that m € J. If m is an odd prime power, then (1 — j)®m € (1 — j)Ig is an

odd element of (1 — j)Ig because w(m) = m is odd.

Suppose m = 2" for n > 1, then we show that (1 — j)Ig = Iy, which is equivalent to
show that w(3) =0 (mod 2) for all B € J. We observe that (} x,05,)0 = (Y. x,0)® for

Y x,05 € R; since the b’s are all odd, we see that

beb = be = W(bedb) (mod 2).

In particular, the existence of a B € J with odd w(f) implies that the odd integer w(f3)
is in J: but J also contains 2", and since J is an ideal, it must contain ged(w(f),2") =1,
that 1s, J/ must be equal to R. But this is a contradiction because it woud imply that ® € R,

which is clearly not true in case of cyclotomic fields. This completes our proof. |

We now determine the index [/ : (1 — j)Is].
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Proposition 4.22. We have
Iy ={aels:w(a)=0}.
If m is a odd prime power then
15 (1= )s) = 2%

If m is a power of 2, then
— .. o(m)
Ug :(i—j)s]=2"7".

Proof. Clearly, if a € I, then w(a) = 0. Conversely, let & € Is be such that w(c) =0
We write oo = ®f3 for some 3 € J, since w(ot) = 0 and w(®) # 0, we have w(f3) = 0.

Furthermore,
(I+j)a=(1+j)OB =NB=w(f)N=0 = ja=—a,

which implies that o € I R, which proves the first claim.
For any @ € R™, we have jo = —a, which implies (1 — j)a = 2a. Hence for any ideal 1
of R, we have 21~ = (1 — j)I~. In particular,

25 = (1- )Is € (1-j)s.

As I is a free Z-module of rank @, we get [I¢ : 2[5 ] = 20(m)/2

We claim that 21 = Iy. Clearly, 2I; C Iy. Conversely, let o = (1 — j)®f be an even

element and write w(f) = 2k for some k € Z. Then

o +2kN = (1 — j)OB +w(B)N
— (1-/)@B + BN
=(1-j)0+(1+,/)0p
— 208,

which implies that & + 2kN belongs to 215. Hence « itself belongs to 2/s. Since o € R,

we obtain o € 21¢ . This proves the inclusion Iy C 2/ . Hence Iy = 2 .

From Proposition we know that if m is a power of an odd prime, then [(1 — j)Is :
Ip] = [(1 = j)Is : 2Ig'] = 2, which implies that [Ig : (1 — j)Is] = %51, However, if m is
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¢(m)
2

a power of 2, then (1 — j)Is = Iy, which implies that [I : (1 — j)Is] =2

We recall a basic lemma from group theory.

Lemma 4.23. Let B C A be abelian groups and f : A — A be a group homomorphism.
Then

[A:B] =[f(A): f(B)]- [ker(f) +B: B].

Proof. Define

¢:A/B— f(A)/f(B)
a+Bs fla)+ f(B).

Clearly ¢ is a surjective homomorphism. We claim that ker(¢) = (ker(f) + B)/B. The
inclusion (ker(f)+ B)/B C ker(¢) is trivial. Let a + B € ker(¢), then

¢(a+B) = f(a)+f(B) = f(B) = fla) € f(B).

Let f(a) = f(b) for some b € B, then f(a—b) = 0, which implies a — b € ker(f), i.e.,
a € ker(f) + B. The claim follows. |

Proposition 4.24. We have [R™ : (1 — j)J] = m. Furthermore, if m is a power of an odd
prime then J~ = (1— j)J.

Proof. Applying the previous lemma to the situation A =R, B=Jand f =1 — j, we find
[R:J] =[R™ :(1—j)J] because the kernel of 1 —j: R — R is (1 + j)R C J. We know
from Corrolary that [R : J] = m. Thus [R™ : (1 —j)J] =m.

Clearly, (1 — j)J CJ~. Now suppose that m is a odd prime power. Let o € J~ =JNR™,
then we can write & = (1 — j)B for some B € R. Since o € J, we have

0=d(a) =2((1-/)B) = (1-2()))P(B) = 2%(B)-

As m is odd, we obtain ®() = 0 and so 8 € J. Therefore, o = (1 —j)B e (1—j)J. A
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4.4 Index of the Stickelberger Ideal

Let V be a Q-vector space of finite dimension n. A lattice in V is a free abelian subgroup

of V of rank n. If L is a lattice, then we can write
L=7u1®---®Zuy,

where B = [uj,u,...,uy| is a Q-basis of V.

Definition 4.25. Let B = [uy,uy, ..., u,] be a Q-basis of V. The lattice generated by B is
the set
ZLB)=Zu & D ZLu,,.

Proposition 4.26. Let By and B, be two Q-bases of V. Then £ (B) = £(B,) if and

only if there exists a unimodular matrix U (i.e., a square matrix with integer entries and

determinant +1) such that By = ByU.

Proof. First assume By = B,U for some unimodular matrix U. Notice that if U is uni-
modular then U ! is also unimodular. In particular, both U and U —1are integer matrices,
and B; = BoU and B, = B{U !, It follows that Z(B;) C .#(B;) and .Z(B;) C .Z(By),

i.e., the two matrices B; and B, generate the same lattice.

Now assume B; and B, are two bases for the same lattice .2 (B;) = % (B;). Then, by
definition of lattice, there exist integer square matices U; and U, such that B; = B,U;
and B, = B;U,;. Combining these two equation we get By = B1U U;, or equivalently,
B (I- U U;) = O. Since vectors B are linearly independent, it must be I — U U, = O,
i.e., U1U; = L. In particular, det(U; ) - det(Us) = det(U; - U,) = det(I) = 1. Since matrices
U, and U, have integer entries, det(U;),det(U,) € Z, and it must be det(U,; ) = det(U,) =
+1. |

Let L=_Z(B;) and M = Z(B;) be two lattices. Let A € Q,,«, be the base change matirx
from B; to By, i.e., B, = BjA. We define

(L:M) = |det(A)|. 4.3)

Proposition implies that (L : M) is independent of the choice of the bases B; and B.

The following lemma can be proved easily.

Lemma 4.27. Let L,M, and N be lattices of V. Then
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1. If M C L, then (L: M) is defined if and only if [L : M| is finite; if this is the case,
(L:M)=|L:M)|.
2. (L:N)=(L:M)(M:N).

We know that /g € R™ and the Z-rank of I is equal to the Z-rank of R™. Therefore, we
have
R™:IJ]= (R :Ig).

From Part (2) of Lemma[4.27 we have
(R™: (1= j)J)- (1= j)J = (1= j)ls)

R :IJ|=(R :I)= 0 (= 7)is) ) 4.4)

Similar argument also implies that

(R (1=j)) = [R™: (1= j)J],
(Ig = (L= ))s) = [Ig = (1= j)Is].

Proposition 4.28. We have

(L=pJ:(1=ls)= [T Biyr.

2()=-1

where the product is over all the odd characters of G.

Proof. LetV = Q|[G]™ = (1 — j)Q[G] be a Q-vector space of dimension @, then (1 —
j)J and (1 — j)Ig are lattices in V. Define

fv-=yv;

X — Ox.
Since f((1—j)J) = (1—j)®J = (1 — j)Is, we have
(1= )T = (1= j)s) = [det(f)].

We now compute the determinant of f. To do so we may extend the base field as we please
and choose the most convenient basis. Let us extend the base field to C. The ideal C[G]~

of the group algebra C[G] is the common kernel of the even characters. Thus, according
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to Proposition [2.16|the ideal C|G|~ has a C-basis consisting of idempotents €,, where ¥
P 74

runs over the odd characters. Now

(&) =0gy = x(0)gy

=Biy1&x

Hence

det(f)| = TT Biyo

2(j)=-1

Theorem 4.29. Let G = Gal(Q((,)/Q) and R = Z[G]|. Then [R™ : I | = h,,.
Proof. From Proposition 4.9 we have

2
[T Bipr=—55
x(j)=-1

where Q =1 (see Proposition d.3), and w = m if m is even and w = 2m if m is odd (see
Proposition {.T)).

First, assume that m = 2" for n > 1. From Proposition we have (R~ : (1—j)J) =m,
and from Proposition 4.22\we have (Ig : (1 — j)Is) = 2% T herefore,

m-Ily(=—1B1 1 m-hy,

R :I;)= = .
( 5) 2 Q-w

4.5)

But Q =1 and w =m. Thus, (R™ :I§ ) = hy,.

Now suppose that m is an odd prime power. In this case, from Proposition #.22| we have
(Ig : (1= j)ls) = %51, Therefore,

m-Ily(jy=—1Biy-t _ 2m-hy,

R :I;)= = .
( S) 2¢(2m)_1 QW

(4.6)

But Q =1 and w =2m. Thus, (R™ : I ) = h,,. |

m

Theorem also implies that A, is an integer: a direct integrality proof for general

abelian extensions was given by Hasse [10].
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Remark 4. Similar class number formula also holds for the plus part when the Stickel-
berger ideal is replaced by cyclotomic units (see [25]). In 1996, Anderson [1]] discovered

a unified approach that combined the plus and minus parts.

As an application of Theorem we give an algebraic proof of the fact that 4, annihi-
lates the odd part of CL,,.

Proposition 4.30. Let | be an odd prime and m = [", for some positive integer n. Let
Cl = Cl,, be the ideal class group of Q(&,,) and let h = h,, be the class number. Then the
minus class number h~ = h,, annihilates the minus part of the p-class group of Q(&,,) for

all odd primes p, i.e., h~ annihilates Cl, for all odd primes p.
Proof. We know Cl,, = Cl},_j . Since R~ = (1 — j)R, we have

—_l-j _ R
Cl, =cl 7/ =cif .

Letc € Cl,, then ¢ € CI¥ . Since i~ = (R~ : I ), we find that ¢~ € CI§  CIs, but Iy
annihilates Cl as I C Is. Therefore, A~ annihilates C1; for every odd prime p. |

The fact that the index [R™ : I;] coincides with the minus class number h,, = #Cl,,
prompts the question whether there is an isomorphism R~ /Ig = Cl,, as abelian groups
(or even as Gal(Q(¢,,) /Q)-modules). The answer to both questions is no; see [32}, p. 106-
107] and [18], p. 382].

In the next chapter, we present generalizations of Iwasawa’s class number formula to
arbitrary cyclotmic fields. However, the situation is much more complicated; see Sinnott
[25]] and Kucera [17]).



Chapter 5

Sinnott Ideal of Cycltomic Fields

Let K be an imaginary cyclotomic field. Then there is a unique integer m > 2, m # 2
(mod 4), such that K = K, we call m the conductor of K. Let G = Gal(K/Q) = (Z/mZ)*,
and R = Z[G].

In Chapter [3] we have defined the Stickelberger ideal Ig of K and proved that Ig annihi-
lates the ideal class group of K. In Chapter @ we considered the minus part /g of the
Stickelberger ideal I and proved Iwasawa’s class number formula [R™ : I} = A(K) ™, in
the special case when m is a power of a prime. A natural question that arises is whether
a generalization of Iwasawa’s theorem to the case of arbitrary cyclotomic fields is possi-
ble. Unfortunately, such a generalization is not possible with our current definition of the
Stickelberger ideal of K.

The obstacle that prevents such a generalization is as follows. When the conductor m is
composite and has at least 2 different prime factors, then the index [R™ : I ] is not finite

in general. In fact, Kucera [17] proved the following.

Theorem 5.1 (Kudera). Let m = p{' p?--- pg® be such that m #2 (mod 4). Put m; = I%
and let s; be the order of p; in (Z/m;Z)*. Then the group R™ /I is finite if and only if s;

is even and

Si

p; =—1 (mod m;),

foreachi=1,2,...,g, orifg=1.

60



5.1. DEFINITION OF SINNOTT IDEAL 61

Example 5.1. Let m = 2332, with p; =2 and p; = 3. Then s; = 6 and s, = 2. We have

2’=—1 (mod 9),
31# -1 (mod 8).

Theorem [5.1|implies that for Q({7,) the index [R™ : I ] is not finite.

If the index [R™ : I ] is finite, then Kucera gave the following generalization of Iwasawa’s

class number formula.

Theorem 5.2 (Kucera). If the group R™ /I is finite, then
R™: I =2"h(K)",

where b=0if g =1 and

¢ (m;)

8
b=-1+Y
i-1 3

ifg=>2.

To overcome the obstacle mentioned above, Sinnott considered a new ideal, which we
call the Sinnott idea]m of K and denote it by S. We are uncertain about the origin of
the definition of the Sinnott ideal, whether it was first defined by Iwasawa or by Sinnott
himself. However, the first mention of this definition in the literature is in Sinnott’s 1978
article [25]. If /g is replaced by S, then in [23] it is proved that the index [R™:S57]is
finite for any imaginary cyclotomic field (see Theorem [5.8). However, Sinnott attributes

the proof of this finiteness property mentioned in [25]] to Iwasawa.

We give a brief description of the remainder of the chapter. In Section 5.1} we give
an equivalent definition of the Stickelberger ideal, which motivates the definition of the
Sinnott ideal. In Section[5.2] we give Sinnott’s generalization of Iwasawa’s class number
formula and present a brief outline of its proof. In Section 3, we show that the Sinnott

ideal of K annihilates the ideal class group of K.

5.1 Definition of Sinnott Ideal

We now define the Sinnott ideal S of K. The motivation to define the Sinnott ideal comes

from the following proposition, which suggests an equivalent definition of the Stickel-

ISinnott in [23] calls S the Stickelberger ideal of K. However, to avoid confusion, we call this the Sinnott
ideal of K
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berger ideal. For any integer a, set

Proposition 5.3. Let I be the subgroup of Q|G| generated by the elements ®(a), for
all a from a complete set of integers coprime to m and distinct modulo m. Then the

Stickelberger ideal Is of K is the intersection of R with I'.

Proof. For any integer a coprime to m we have
O(a) = 0_,O(~1),
which implies that I’ is an R-module and
I'=(0(—1))R.

We know that @(—1) is the Stickelberger element of K, therefore, by definition I'NRis
the Stickelberger ideal of K. |

Let S’ be the subgroup of Q[G] generated by the elements @(a), for all a from the complete
set of integers distinct modulo m. Note that to define I’ we considered a from the complete

set of integers coprime to m and distinct modulo m.

Definition 5.4 (Sinnott Ideal). The Sinnott ideal S of K is defined as the intersection of S’
and R:
S:=SNR.

5.2 Sinnott’s Theorem

The following generalization of Iwasawa’s class number formula to arbitrary cyclotomic

fields is due to.

Theorem 5.5 (Sinnott). Let m > 2 be an integer, g be the number of distinct primes that
divide m, and G = Gal(K/Q). Then

[2]G]™ = $7] =2"h(K) ",
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where a=0if g =1, and

a=28"2—-1, ifg>1.

To justify that Sinnott’s theorem [5.5]is indeed a generalization of Iwasawa’s theorem, we
claim that when m is a prime power then the minus part of the Stickelberger and Sinnott
ideal of K coincide: I; = S~. By definition, ®(—1) is the Stickelberger element of K,
which implies that I € S™.

However, when m is a prime power, Theorem[I.2]and Theorem [5.5]imply that
R :IJ]=[R :S].

As I C§, we must have Iy =§".
In fact, Kucera proved that S~ = I¢ if and only if m is a prime power (see [17, Prop. 4.3]).

If y is any character of G, then from the isomorphism G = (Z/mZ)* it follows that y is a
Dirichlet character of modulus m (see Section [2.2)). We also use the notation x to denote

the primitive Dirichlet character that induces the Dririchlet character ¥ .
For any prime p, define

Ep = 27(17)8%,
x

where ¥ denotes the complex conjugate of the primitive Dirichlet character associated to

X, and &, is the idempotent associated to x in C[G]:
&y = 1 Y x(0)o7h;
#G ocG
here #G denotes the order of G.
Note that 11, actually lies in Q[G] (viewed as subring of C[G]).

For any positive divisor f of m, let H; denote the subgroup of G consisiting of the ele-
ments of o;, witht =1 (mod f), (t,m) = 1. Let s(Hy) denote the sum, in C[G], of the
elements of Hy. The element s(H) obviously lies in R.

Definition 5.6. Define U to be the R-submodule of C[G] generated by the elements

s(H) [T -1,),
plf

as f varies over the divisors of m and the product is taken over the distinct primes p
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dividing f.

Proposition 5.7. U is contained in Q[G), and is isomorphic as an abelian group to 7.9,
Proof. See [25, Proposition 2.2]. |

Lete™ = (1+j)/2, e~ = (1— j)/2. Then the following result was proved by Iwasawa.

Theorem 5.8 (Iwasawa). S~ has finite index in R, and
[R™:S]=h(K) (e R:eU)/OQ,

where Q is the factor appearing in the analytic class number formula (see Theorem4.9).

We remark that (e R: e~ U) is defined, in the sense of Section It follows immediately
from Proposition that e~ U is finitely generated as an abelian group and that its span
in Q[G] is e~ Q[G]. The same statements are obviously true of ¢” R, hence (e R: e U)
is defined. In particular, this implies that [R™ : $7] is finite. For the proof of Theorem
see [25, Theorem 3.1].

The analytic class number formula played a crucial role in Sinnott’s work, as did the Ga-
lois module U introduced by Iwasawa. An important technical advance made by Sinnott
was his determination of the cohomology groups of U with respect to the action of com-
plex conjugation; theses cohomology groups had to be determined in order to compute

the factors of 2 in Sinnott’s index formulas.

Theorem 5.9 (Sinnott). Let g be the number of primes dividing m. Then

1 fg=1
(e"R:eU)= Te=1, (5.1)

227 ife> 1.
Proof. See [25) Section 6]. [ |
Combining Theorem 5.8and Theorem|5.9and using the fact that Q =1if g=1and 0 =2

if g > 1 (see[.3), we obtain Theorem [5.5]

5.3 Sinnott Ideal as Annihilators of Class Group

Let p be an integral prime relatively prime to m. Let f be the smallest positive integer

such that p/ =1 (mod m), and g = p’. Let q be a prime ideal in Q({,_1) above p, and p,»
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be the prime ideal of Q({,,,) below q. Let & = Z[(,,]. We have ¢ = p/ =N(pw) = |0 /pml.

Proposition 5.10. We claim that 1,{,, 2. ...,C"1 € @ are distinct modulo p,y,.
Proof. Observe that

Xn—1 m—1 .
=l4x++X" =T (x=&).

i=1

x—1

Substituting x = 1, we get

m—1 )
m=[T(1-&,).
i=1
If {i = (;’,{, (mod p,,), for some i # j, if j > i, then C,{;_i =1 (mod p,,), so that m =0
(mod p,,), which is a contradiction because p,,, is relatively prime to m. Thus, 1, {,,, &2, ..., ]
are distinct (mod p,,). |

Proposition 5.11. Let a € O, and o ¢ p,,. Then there is a unique integer i modulo m
such that
a M= (mod p,).

g—1

m

Proof. Since the order of (€ /p,)* is ¢ — 1, we have a¢~! =1 (mod p,,). Hence, o

(mod p,,) is an m-th root of unity, and the claim follows. [

For o € ©. Define
1. xp,(a) =0if o € py; and

2. if & ¢ pm, Xp,, () is the unique m-th root of unity such that

al@=V/m =y (&) (mod p).

Then ), is a multiplicative character of order m of F, = &' /p,,. Let y,,, be the character
of the additive group of IF,, with values in the group of p-th roots on unity, defined by

W, (X) = xeTy;

where Tr denote the trace map F, — Z/pZ.
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Definition 5.12. For any integer a, we define the generalized Gauss sum g(a,p,,) by

a pm = Z Xpm me

xelF,

Clearly, g(a,p,) lies in Q(&y, £,). We know that o € Gal(Q({n, )/ Q(Cn)) is defined
by {, — ¢!, for some integer ¢ prime to p. Then

a pm - Z Xpm ll]pm (52)
x€lR,

== 2 2, (0 ¥, (1) (5.3)
xelF,

= xpm ([)7ag(a, pm) * (5'4)

Taking the m-th power of both sides of the above equation we conclude that g(a, p,,)™ lies
in Q(&n) as xp, is the trivial character. Letd = q’;—l. Recall that the Teichmuller character

o of IF, is the unique character that satisfies
o(ae)=a (mod p,).

We have

a)d(oc) = (mod py,),

and xp,, (o) = a? (mod p,,). The uniqueness property implies that ;,, = @“. Therefore,

we can write the generalized Gauss sums in terms of ordinary Gauss sums:

g(a,pm) = g(@0™).
For any r € Z, from Theorem we have

(g(@~™)™) =p%,
where

0, = Ll Z s(rtd)o; !
P= % ie@/mzy ) (p)

Substitute » = —a. Then by using the same argument as in Theorem [3.10] we conclude
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that

at
O_,=m- Z —— >0, ' =m0O(a).
t modm
(t,m)=1
We have thus proved the following proposition.

Proposition 5.13. (g(a,p,,)") = g(0) = }ﬁ@(a)

If a =0 (mod m), then ®(a) =0. If a # 0 (mod m), then using {x} + {—x} =1, we
have —@(a) = @(—a) — N, where N = Y ;c;0. We may write any ¥ € S in the form
y=Y" ,0(a;) —rN, with integers n,r,ay, ..., a.

Proposition 5.14. Let y=Y" O(a;) —rN € S". Then y€ S if and only if ¥ ;a; =0

(mod m).

Proof. The coefficient of 6, in Y, ©(a;) is

Using the congruence {x} =x (mod Z), we see immediately that ¢; € Z if and only if

Y —% € Z, equivalently, Y} a; =0 (mod m). This proves our claim. [

We will extend the definition of generalized Gauss sums g(a,p,,) as follows, by defining
g(A,a) whenever A is an n-tuple of integers and that a is an integral ideal prime to m in
Q(&n). This symbol is defined by Definition when A is a sequence of a term and a

is a prime ideal; it will be defined in general by the conditions:

g((A,B),a):g((A),a)-g((B),a), (5.5)
and
g(A,Clb) :g(A7a)'g(A7b)7 (5.6)

where A, B are n-tuples of integers and a, b are integral ideals of Q((,,) relatively prime

to m.

Let A = (ay,a,...,a,) be an n-tuple of integers, and a be an integral ideal relatively

prime to m. Suppose =[], p. Then we have

g(A,a) = Hg(A7p)'

p
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Let p,, be a prime of Q((,,) that divides a, choose a prime q of Q({,—1), such that p,, is
the prime of Q(§,,) lying below g. From Proposition we have:

g(A, p)" Hg ainp)" =] [ = 0 (5.7)
i=1
Finally, using Equation [5.6| we have
(g(A,a)™) = amLi®), (5.8)
Let p be the prime of Q below q and |[A| =Y" ,a;. Let
o € Gal(Q(Cm, Cp)/Q(Cm))

be defined by {, — ( l’, for some  relatively prime to p, then using Equation|5.2| we get

8(A,pm)° Hg aisPm)° HXpm ‘g(ai,pm) (5.9)

= 2o (1) Mg (A, p). (5.10)

Theorem 5.15. The Sinnott ideal S of Q(C,,) annihilates the ideal class group Cl,, of
Q(Gn)-

Proof. relatively prime

Since ¥ a priori is an element of S, it is of the form y=Y" , ®(a;) — rN for integers
rn,ai,...,a,. Let A= (ay,...,a,) and |A| = Y7, a;. Then from Proposition Yyes
if and ony if [A| =0 (mod m). From Equation [5.9 we conclude that g(A,a) € Q({n).

From Equation |5.8 we have (g(A,a)") = a”Xi®@) Thus

(3(A,a)) = aXi®@),

Let N(a)™" = a~"N. Then
(g(A,a)N(a)™") = aXi®@) =N — o7,

This proves our claim. [
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We end our thesis by addressing an analogous question to Question [4]

Question 5. Let K = Q({,), G = Gal(K/Q), and S be the Sinnott ideal of K. Can we
find @ € Z[G]\ S, such that a annihilates the ideal class group of K?

This question has been answered positively by Greither and Kucéra in [9]]. It turns out
that in several frequently occurring situations there exist annihilators of K that are not

contained in the Sinnott ideal.
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